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Throughout this paper, we consider the following two problems: (A) When does a rectan-
gular normal cover of a product X × Y (or an inﬁnite product ∏λ∈Λ Xλ) have a σ -locally
ﬁnite rectangular cozero reﬁnement? (B) What kind of a reﬁnement makes a rectangu-
lar open cover of a product X × Y (or an inﬁnite product ∏λ∈Λ Xλ) be normal? We shall
discuss these problems on various products listed below.
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1. Introduction and preliminaries
1.1. Introduction
The present paper is a continuation of the three papers [19,33,35] published in 2006–2007, which deal with normal
covers of products.
In this Section 1, we ﬁrst recall normal covers and their characterizations given by Stone, Michael and Morita. Second,
we recall the concept of rectangular products and raise two problems for rectangular normal covers of products and their
motivations.
In Section 2, we begin to deal with rectangular normal covers of products with a σ -space factor. The proofs of the results
here are not so diﬃcult and not so long that the reader may get used to deal with rectangular open covers of products.
The purpose of the remaining subsections of this section is to characterize rectangular normal covers of the products of a
monotonically normal space and a subspace of an ordinal. We have to take several processes to obtain this ﬁnal result.
In Section 3, we consider the two problems raised in the beginning for inﬁnite products. We discuss rectangular normal
covers of the inﬁnite products of some generalized metric spaces such as β-spaces, semi-stratiﬁable spaces and Σ-spaces. In
the ﬁnal stage of this section, they are summarized as a corollary for normal covers of the inﬁnite products of paracompact
σ -spaces.
Appendix A is devoted to raising some unsolved problems and related matters in our discussion.
Throughout this paper, all spaces are assumed to be Hausdorff. We follow the book [8] for the notations and the deﬁni-
tions which are not explained here.
1.2. Normal covers
Let X be a space and U a cover of X . A subset U in X is called a cozero-set if there is a continuous function f : X → [0,1]
such that U = {x ∈ X: f (x) > 0}. A subset in X is called a zero-set if it is the complement of a cozero-set. A cover V
of X is called a reﬁnement of U if each member of V is contained in some member of U . For an open cover U of X ,
F = {F (U ): U ∈ U} is a shrinking of U if F is a closed cover of X such that F (U ) ⊂ U for each U ∈ U .
A space X is paracompact if every open cover of X has a locally ﬁnite open reﬁnement. Paracompactness is the most
important covering property of topological spaces.
An open cover O of a space X is normal if there is a sequence {Un}n∈ω of open covers of X such that Un+1 is a star-
reﬁnement of Un for each n ∈ ω, where U0 = O.
The concept of normal covers is also very important because of the following.
Theorem 1.2.1. ([30]) A space X is paracompact if and only if every open cover of X is normal.
We may well know the following characterization of normal covers of topological spaces. For example, this is seen in [23,
Theorem 1.2], [24, Theorem 1.2] and [15, Theorems 1.2 and 1.4].
Theorem 1.2.2 (Stone–Michael–Morita). Let X be a space and O an open cover of X . Then the following are equivalent.
(a) O is normal.
(b) O has a σ -locally ﬁnite cozero reﬁnement.
(c) O has a σ -discrete cozero reﬁnement.
(d) O has a locally ﬁnite cozero reﬁnement.
(e) O has a locally ﬁnite and σ -discrete cozero reﬁnement.
(f) O has a locally ﬁnite and σ -discrete cozero reﬁnement with a shrinking by zero-sets.
We use this characterization of normal covers instead of the ﬁrst deﬁnition. From this, we immediately have
Corollary 1.2.3. Every normal cover of a space X has a locally ﬁnite closed reﬁnement (by zero-sets).
Every non-normal space has a binary open cover which is not normal. So “cozero” in Theorem 1.2.2 cannot be replaced
by “open”. However, since a locally ﬁnite open cover of a normal space has a shrinking, the following is an immediate
consequence of Theorem 1.2.2.
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Moreover, recall that normal covers of a collectionwise normal space are characterized by a weaker condition than local
ﬁniteness.
Theorem 1.2.5. ([22,25]) Let X be a collectionwise normal space. Then an open coverO of X is normal if and only if it has a point-ﬁnite
open reﬁnement.
1.3. Rectangular products
Let X × Y be a product. A subset of the form U × V in X × Y is called a rectangle. In particular, such a rectangle U × V
is called a cozero (open) rectangle in X × Y if U and V are cozero-sets (open sets) in X and Y , respectively. Note that a
rectangle R is a cozero-set in X × Y iff R is a cozero rectangle. A cover R of a product X × Y is said to be rectangular if
each member of R is a rectangle. So a rectangular cozero (open) cover of X × Y consists of cozero (open) rectangles.
Deﬁnition 1. ([28]) We say that X × Y is rectangular if every ﬁnite cozero cover of X × Y has a σ -locally ﬁnite rectangular
cozero reﬁnement.
The concept was introduced by Pasynkov to prove the following product theorem in dimension theory, where dim X
denotes the covering dimension of X .
Theorem 1.3.1. ([28]) If a Tychonoff product X × Y is rectangular, then the inequality dim(X × Y ) dim X + dim Y holds.
The following is known and it is very convenient for considering the rectangularity of products. The veriﬁcation is easy.
Proposition 1.3.2. For a product X × Y , the following are equivalent.
(a) X × Y is rectangular.
(b) Every binary cozero cover of X × Y has a σ -locally ﬁnite rectangular cozero reﬁnement.
(c) Every normal cover of X × Y has a σ -locally ﬁnite rectangular cozero reﬁnement.
(d) Every cozero set in X × Y is the union of a σ -locally ﬁnite collection by cozero rectangles.
Several rectangular products were listed in [28]. However, the following problem is still open.
Problem 1.3.3. ([28]) Is every paracompact product rectangular?
It follows from Theorem 1.2.1 that a (Tychonoff) product X × Y is paracompact if and only if every rectangular open
(cozero) cover of X × Y is normal. Paying attention to this fact, we ﬁx a rectangular open cover of X × Y . Then we can
modify Problem 1.3.3 to the following way which is easier to consider.
ProblemA. When does a rectangular normal cover of a product X ×Y have a σ -locally ﬁnite rectangular cozero reﬁnement?
Moreover, observing Corollaries 1.2.3 and 1.2.4 and Theorem 1.2.5, we can also consider the following question.
Problem B. When is a rectangular open (or cozero) cover of a product X × Y normal if it has a reﬁnement weaker than the
conditions in Theorem 1.2.2?
We will give several answers to these two problems for many kinds of products.
2. Normal covers of products of two spaces
Let X × Y be a product. For a subset R ⊂ X × Y , R ′ and R ′′ denote the projections of R into X and Y , respectively. It is
clear that R is a rectangle in X × Y iff R = R ′ × R ′′ .
2.4. Products with a σ -space factor
Recall that a regular space X is a σ -space if there is a σ -discrete closed net of X .
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σ -locally ﬁnite rectangular cozero reﬁnement.
Proof. Since O is normal, there is a locally ﬁnite cozero reﬁnement {Gξ : ξ ∈ Ξ} of O. For each ξ ∈ Ξ , choose some O ξ ∈ O
with Gξ ⊂ O ξ = O ′ξ × O ′′ξ .
Let F = {Fα: α ∈ Ω} be a σ -discrete closed net of X , where Ω =⋃n∈ω Ωn and {Fα: α ∈ Ωn} is discrete for each n ∈ ω.
Since we may assume that each Fα is non-empty, we pick a point xα ∈ Fα for each α ∈ Ω . Since X is paracompact, there is
a discrete collection {Wα: α ∈ Ωn} of cozero-sets in X such that Fα ⊂ Wα for each α ∈ Ωn and each n ∈ ω.
Take n ∈ ω and ﬁx it. Moreover, take α ∈ Ωn and ξ ∈ Ξ . Let
Lα,ξ =
{
y ∈ Y : Fα × {y} ⊂ Gξ
}
.
Assume that Lα,ξ is non-empty. Since Fα × Lα,ξ ⊂ Gξ ⊂ O ξ = O ′ξ × O ′′ξ , we have Fα ⊂ O ′ξ . Take a cozero-set Uα,ξ in X such
that Fα ⊂ Uα,ξ ⊂ O ′ξ ∩ Wα . Let Vα,ξ = {y ∈ Y : (xα, y) ∈ Gξ }. Since Gξ is a cozero-set in X × Y , Vα,ξ is also a cozero-set
in Y . Moreover, it follows that
{xα} × Lα,ξ ⊂ Gξ ∩
({xα} × Y )= {xα} × Vα,ξ ⊂ O ξ ∩ ({xα} × Y )= {xα} × O ′′ξ .
So we have Lα,ξ ⊂ Vα,ξ ⊂ O ′′ξ . When Lα,ξ = ∅, let Uα,ξ = Vα,ξ = ∅. Hence we obtain that Uα,ξ × Vα,ξ ⊂ O ′ξ × O ′′ξ = O ξ .
Here, we let
Un = {Uα,ξ × Vα,ξ : α ∈ Ωn and ξ ∈ Ξ}.
Here, we set U =⋃n∈ω Un .
Pick any (x, y) ∈ X × Y . Choose μ ∈ Ξ with (x, y) ∈ Gμ . Take an open neighborhood U of x in X such that (x, y) ∈
U × {y} ⊂ Gμ . Since F is a net of X , take some β ∈ Ω with x ∈ Fβ ⊂ U . Let β ∈ Ωm . By Fβ × {y} ⊂ Gμ , we have y ∈
Lβ,μ ⊂ Vβ,μ . Hence we conclude that
(x, y) ∈ Fβ × Vβ,μ ⊂ Uβ,μ × Vβ,μ ∈ Um ⊂ U .
Thus U covers X × Y . Take n ∈ ω and α ∈ Ωn . Recall that {xα}× Vα,ξ ⊂ Gξ for each ξ ∈ Ξ and that {Gξ : ξ ∈ Ξ} is locally ﬁ-
nite in X × Y . So it follows that {{xα} × Vα,ξ : ξ ∈ Ξ} is locally ﬁnite in X × Y . This implies that {Vα,ξ : ξ ∈ Ξ} is locally
ﬁnite in Y . Since Uα,ξ ⊂ Wα and {Wα: α ∈ Ωn} is discrete in X , {Uα,ξ × Vα,ξ : α ∈ Ωn and ξ ∈ Ξ} = Un is locally ﬁnite
in X × Y . Since each member of U is a cozero rectangle contained in some member of O, U is a σ -locally ﬁnite rectangular
cozero reﬁnement of O. 
The following is an immediate consequence of Theorem 2.4.1 and [33, Theorem 4.1].
Corollary 2.4.2. Let X be a paracompact σ -space and Y a space. Let O be a rectangular open cover of X × Y . Then the following are
equivalent.
(a) O is normal.
(b) O has a σ -locally ﬁnite rectangular cozero reﬁnement.
(c) O has a σ -discrete rectangular cozero reﬁnement.
(d) O has a locally ﬁnite rectangular cozero reﬁnement.
(e) O has a locally ﬁnite and σ -discrete rectangular cozero reﬁnement.
(f) O has a locally ﬁnite and σ -discrete rectangular cozero reﬁnement with a rectangular shrinking by zero-sets.
Remark 2.4.3. Let R and P be the real line and the irrational space, respectively. Let RQ be the Michael line (that is, the
Hannerization of R by Q = R  P). It follows from [31] that RQ × P is not rectangular. So there is a normal cover O
of RQ × P which has no σ -locally ﬁnite rectangular cozero reﬁnement. Since P is separable metric and RQ is hereditarily
paracompact, we cannot take off the rectangularity of O in Theorem 2.4.1.
Theorem 2.4.4. Let X be a paracompact σ -space and Y a normal space. Then a rectangular cozero cover O of X × Y is normal if and
only if it has a locally ﬁnite closed reﬁnement C such that {IntC : C ∈ C} covers X × Y .
Proof. It suﬃces from Theorem 1.2.2(f) to show the “if” part. Let F = {Fα: α ∈ Ω}, Ω = ⋃n∈ω Ωn , xα ∈ Fα and{Wα: α ∈ Ωn}, n ∈ ω, be as in the proof of Theorem 2.4.1.
Let C = {Cξ : ξ ∈ Ξ} be a locally ﬁnite closed reﬁnement of O as stated above. For each ξ ∈ Ξ , choose an O ξ ∈ O with
Cξ ⊂ O ξ = O ′ × O ′′ . Take n ∈ ω and α ∈ Ωn and ﬁx them. For each ξ ∈ Ξ , let Hα,ξ = {y ∈ Y : (xα, y) ∈ IntCξ }. By theξ ξ
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{Vα,ξ : ξ ∈ Ξ} of Y such that Vα,ξ ⊂ Hα,ξ for each ξ ∈ Ξ . Then we have
{xα} × Vα,ξ ⊂ {xα} × Hα,ξ ⊂ IntCξ ⊂ Cξ ⊂ O ξ = O ′ξ × O ′′ξ .
Hence we obtain Vα,ξ ⊂ O ′′ξ for each ξ ∈ Ξ . Let Uα,ξ = Wα ∩ O ′ξ for each ξ ∈ Ξ . Here, letting α and n range over Ωn and ω,
respectively, we put
U = {Uα,ξ × Vα,ξ : α ∈ Ωn, n ∈ ω and ξ ∈ Ξ}.
Then each Uα,ξ × Vα,ξ is a cozero rectangle in X × Y contained in O ′ξ × O ′′ξ = O ξ . It is easily seen that U is σ -locally ﬁnite
in X × Y . We only have to show that U covers X × Y . Pick any (x, y) ∈ X × Y . Let ϕ = {ξ ∈ Ξ : (x, y) ∈ Cξ }. Since C is locally
ﬁnite, there is a basic open neighborhood N = N ′ × N ′′ of (x, y) contained in X × Y ⋃ξ /∈ϕ Cξ . Find a δ ∈⋃n∈ω Ωn with
x ∈ Fδ ⊂ N ′ . Since {V δ,ξ : ξ ∈ Ξ} covers Y , ﬁnd an η ∈ Ξ with y ∈ V δ,η . Then we have
(xδ, y) ∈ (Fδ × N ′′) ∩
({xδ} × V δ,η)⊂ (Fδ × N ′′) ∩ ({xδ} × Hδ,η)⊂ (N ′ × N ′′) ∩ IntCη ⊂ N ∩ Cη = ∅.
Hence η must be in ϕ . This means that (x, y) ∈ Cη ⊂ Oη = O ′η × O ′′η . So we conclude that x ∈ Fδ ∩ O ′η ⊂ Wδ ∩ O ′η = Uδ,η .
Hence it follows that (x, y) ∈ Uδ,η × V δ,η ∈ U . 
Theorem 2.4.5. Let X be a paracompact σ -space and Y a collectionwise normal space. Then a rectangular cozero cover O of X × Y is
normal if and only if it has a σ -discrete open reﬁnement.
Proof. We only show the “if” part. Let F = {Fα: α ∈ Ω}, Ω =⋃n∈ω Ωn , xα ∈ Fα and {Wα: α ∈ Ωn}, n ∈ ω, be as in the
proof of Theorem 2.4.1.
Let {Gξ : ξ ∈⋃k∈ω Ξk} be a σ -discrete open reﬁnement of O such that {Gξ : ξ ∈ Ξk} is discrete in X × Y for each k ∈ ω.
For each ξ ∈ Ξ , choose an O ξ ∈ O with Gξ ⊂ O ξ = O ′ξ × O ′′ξ . Take any n,k ∈ ω and ﬁx them. Moreover, take any α ∈ Ωn
and ξ ∈ Ξk . Let Lα,ξ = {y ∈ Y : Fα × {y} ⊂ Gξ }. Assume Lα,ξ = ∅. As in the proof of Theorem 2.4.1, we can take a cozero-
set Uα,ξ in X such that Fα ⊂ Uα,ξ ⊂ O ′ξ ∩ Wα . Note that {Lα,ξ : ξ ∈ Ξk} is discrete in Y . By the assumption of Y , there
is a discrete collection {V ∗α,ξ : ξ ∈ Ξk} of cozero-sets in Y such that Lα,ξ ⊂ V ∗α,ξ for each ξ ∈ Ξk . Let Vα,ξ = V ∗α,ξ ∩ O ′′ξ for
each ξ ∈ Ξk . Then Vα,ξ is a cozero-set in Y such that Lα,ξ ⊂ Vα,ξ ⊂ O ′′ξ . If Lα,ξ = ∅, let Uα,ξ = Vα,ξ = ∅. Thus, we have
Uα,ξ × Vα,ξ ⊂ O ′ξ × O ′′ξ = O ξ . Here, we let
Un,k = {Uα,ξ × Vα,ξ : α ∈ Ωn and ξ ∈ Ξk}
for each n,k ∈ ω. Let U =⋃n,k∈ω Un,k . Then U is a σ -discrete rectangular cozero reﬁnement of O. This implies that U is
normal. 
Theorem 2.4.6. Let X be a paracompact σ -space and Y a collectionwise normal and countably paracompact space. Let O be a
rectangular cozero cover of X × Y . Then the following are equivalent.
(a) O is normal.
(b) O has a locally ﬁnite closed reﬁnement.
(c) O has a σ -locally ﬁnite open reﬁnement.
Proof. (a) ⇒ (b) and (a) ⇒ (c) are obvious. The proof of (c) ⇒ (a) is obtained by replacing “σ -discrete” with “σ -locally
ﬁnite” in that of Theorem 2.4.5.
(b) ⇒ (a). Let F = {Fα: α ∈ Ω}, Ω =⋃n∈ω Ωn , xα ∈ Fα and {Wα: α ∈ Ωn}, n ∈ ω, be as in the proof of Theorem 2.4.1.
Let C = {Cξ : ξ ∈ Ξ} be a locally ﬁnite closed reﬁnement of O. For each ξ ∈ Ξ , choose an O ξ ∈ O with Cξ ⊂ O ξ =
O ′ξ × O ′′ξ . Take n ∈ ω and α ∈ Ωn and ﬁx them. Moreover, take a ξ ∈ Ξ . Let Mα,ξ = {y ∈ Y : (xα, y) ∈ Cξ }. Assume Mα,ξ = ∅.
Let Uα,ξ = O ′ξ ∩ Wα . Since {Mα,ξ : ξ ∈ Ξ} is locally ﬁnite in Y which is normal and expandable, there is a locally ﬁnite
collection {Tα,ξ : ξ ∈ Ξ} of cozero-sets in Y such that Mα,ξ ⊂ Tα,ξ for each ξ ∈ Ξ . Here, let Vα,ξ = Tα,ξ ∩ O ′′ξ for each
ξ ∈ Ξ . Then each Vα,ξ is a cozero-set in Y with Mα,ξ ⊂ Vα,ξ ⊂ O ′′ξ . If Mα,ξ = ∅, let Uα,ξ = Vα,ξ = ∅. Then each Uα,ξ × Vα,ξ
is a cozero rectangle in X × Y contained in O ′ξ × O ′′ξ = O ξ . Here, we let
Un = {Uα,ξ × Vα,ξ : α ∈ Ωn and ξ ∈ Ξ}
and let U =⋃n∈ω Un . Then U is σ -locally ﬁnite in X×Y . It suﬃces to show that U covers X×Y . Pick any (x, y) ∈ X×Y . Let
ϕ = {ξ ∈ Ξ : (x, y) ∈ Cξ }. There is a basic open neighborhood N = N ′ × N ′′ of (x, y) which is contained in X × Y ⋃ξ /∈ϕ Cξ .
Note that N ⊂ Int(⋃ξ∈ϕ Cξ ). Find a δ ∈ ⋃n∈ω Ωn with x ∈ Fδ ⊂ N ′ . We can ﬁnd η ∈ ϕ with (xδ, y) ∈ Cη . Then we have
y ∈ Mδ,η ⊂ V δ,η . On the other hand, since (x, y) ∈ Cη ⊂ Oη = O ′η × O ′′η we have x ∈ O ′η ∩ Fδ ⊂ O ′η ∩ Wδ = Uδ,η . Hence we
obtain (x, y) ∈ Uδ,η × V δ,η ∈ U . Thus U is a σ -locally ﬁnite rectangular cozero reﬁnement of O, which implies that O is
normal. 
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In the two subsections from here, we denote by λ a limit ordinal. We consider a subspace A of λ + 1 (= [0, λ]) as an
ordinal factor, where λ + 1 has the usual order topology.
A subset A of λ is unbounded in λ if for each α < λ, there is β ∈ A with β > α. Conversely, the A is bounded if A ⊂ β
for some β < λ. We denote by cf(λ) the coﬁnality of λ. Let cf(λ) > ω. A subset A of λ is stationary in λ if it intersects all
closed and unbounded (abbreviated by cub) sets in λ.
Lemma 2.5.1. Let A ⊂ λ. Assume that cf(λ)ω or that cf(λ) > ω and A is non-stationary in λ. Then A is represented as a topological
sum
⊕
γ∈cf(λ) Bγ such that each Bγ is bounded in λ.
Let B ⊂ A ⊂ λ + 1. We say that B is equiﬁnal in A if there is α0 < λ such that (α0, λ] ∩ A ⊂ B . The following is well
known (for example, see [19, Lemma 2.3]).
Lemma 2.5.2. Let S ⊂ λ + 1, where cf(λ) > ω. Let S be stationary in λ or λ ∈ S. If U is a point-ﬁnite open cover of S, then there is
U0 ∈ U such that U0 is equiﬁnal in S.
We begin with a characterization of rectangular normal covers of the products of a paracompact space and a subspace
of an ordinal.
Theorem 2.5.3. Let X be a paracompact space and A a subspace of an ordinal. Let O be a rectangular open cover of X × A. Then the
following are equivalent.
(a) O is normal.
(b) O  {x} × A is a normal cover of {x} × A for each x ∈ X.
(c) O  {x} × A has a point-ﬁnite open reﬁnement for each x ∈ X.
(d) O has a locally ﬁnite rectangular open reﬁnement.
(e) O has a locally ﬁnite and σ -discrete rectangular open reﬁnement which has a rectangular shrinking.
(f) O has a locally ﬁnite and σ -discrete rectangular cozero reﬁnement.
Proof. The implications (f) ⇒ (a) ⇒ (b) ⇒ (c) and (e) ⇒ (d) ⇒ (c) are obvious. Since X and A are normal, (e) ⇒ (f) are
obvious.
We only show (c) ⇒ (e). Let A ⊂ λ + 1 with sup A = λ. We show by induction on λ. That is, we assume that
(∗) for each paracompact space Y and each B ⊂ A with sup B < λ, if a rectangular open cover R of Y × B satisﬁes (c), then
it satisﬁes (e).
For each x ∈ X , let V(x) be a point-ﬁnite open reﬁnement of O  {x} × A.
Case 1. Assume that λ /∈ A and cf(λ)ω, or that λ /∈ A, cf(λ) > ω and A is non-stationary in λ.
By Lemma 2.5.1, we can represent A as
⊕
γ∈cf(λ) Bγ , where sup Bγ < λ for each γ ∈ cf(λ). Then {X × Bγ : γ ∈ cf(λ)} is
a discrete rectangular clopen cover of X × A. For each γ ∈ cf(λ), O  X × Bγ is a rectangular open cover of X × Bγ , and
each O  {x} × Bγ has a point-ﬁnite open reﬁnement V(x)  {x} × Bγ . By (∗), O  X × Bγ has a locally ﬁnite, σ -discrete,
rectangular open reﬁnement Uγ and its rectangular shrinking Fγ . Let U =⋃{Uγ : γ ∈ cf(λ)} and F =⋃{Fγ : γ ∈ cf(λ)}.
Then U and F are the desired reﬁnements of O.
Case 2. Assume that λ /∈ A, cf(λ) > ω and A is stationary in λ, or that λ ∈ A.
Pick a point x ∈ X . Let V(x) = {{x}×V ξ : ξ ∈ Ξx}. For each ξ ∈ Ξx , choose an O ξ = O ′ξ ×O ′′ξ ∈ O such that {x}×V ξ ⊂ O ξ ∩
({x} × A) ∈ O  {x} × A. By Lemma 2.5.2 or the assumption λ ∈ A, there are ξx ∈ Ξx and αx < λ such that (αx, λ] ∩ A ⊂ V ξx .
Then O ′ξx is an open neighborhood of x and (αx, λ] ∩ A ⊂ V ξx ⊂ O ′′ξx . Since X is paracompact, there are a locally ﬁnite,
σ -discrete, cozero cover {Wx: x ∈ X} of X and a closed cover {Ex: x ∈ X} of X such that Ex ⊂ Wx ⊂ O ′ξx for each x ∈ X . Let
Bx = [0,αx]∩ A for each x ∈ X . Since each Wx is cozero in X , it is paracompact. Applying (∗) to Wx × Bx , since O Wx × Bx
satisﬁes (c), it has a locally ﬁnite, σ -discrete, rectangular open reﬁnement Gx and its rectangular closed shrinking Fx . Here
we put
G = {Wx × ((αx, λ] ∩ A): x ∈ X}∪
(⋃
{Gx: x ∈ X}
)
and
F = {Ex × ((αx, λ] ∩ A): x ∈ X}∪ {F ∩ (Ex × Bx): F ∈ Fx and x ∈ X}.
Then G is a locally ﬁnite, σ -discrete, rectangular open reﬁnement of O and F is a rectangular shrinking of G . 
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rectangular.
Remark 2.5.5. Note that the paracompactness of X in Theorem 2.5.3 cannot be taken off. In fact, let X be a non-paracompact
space and A = ω. Since there is a non-normal open cover U of X , we only consider the rectangular open cover O =
{U × {n}: U ∈ U , n ∈ ω} of X ×ω. Obviously, O is not normal but it satisﬁes (c) in Theorem 2.5.3.
2.6. Products with one ordinal factor, revisited
As the ﬁrst stage of this subsection, we consider rectangular normal covers of the products of two subspaces of an
ordinal. Note that such products are not always rectangular. In fact, it was pointed out in [19, p. 765] that A × B is not
rectangular if A and B are disjoint stationary subsets of ω1.
For each A ⊂ μ, Limμ(A) denotes the set {α < μ: α = sup(A ∩ α)}, in other words, the set of all cluster points of A
in μ. Obviously, Limμ(A) is cub in μ whenever A is unbounded in μ.
The pressing down lemma (= PDL for short) will be frequently used here.
Lemma 2.6.1 (PDL). Let cf(λ) > ω and let S be a stationary subset in λ. If f : S → λ and f (α) < α for each α ∈ S, then there are
T ⊂ S and α0 ∈ S such that T is stationary in λ with |T | = cf(λ) and f (α) < α0 < α for each α ∈ T .
Let A and B be two subspaces of λ + 1. Let X = A × B . Then, for each P , Q ⊂ λ + 1, let XP = (P ∩ A) × B , XQ =
A × (Q ∩ B), and let XQP = (P ∩ A) × (Q ∩ B).
A strictly increasing function M : cf(μ) + 1 → μ + 1 is said to be a normal function for μ if M(γ ) = sup{M(γ ′): γ ′ < γ }
for each limit ordinal γ  cf(μ) and M(cf(μ)) = μ. For convenience, we may deﬁne M(0) = 0. Note that we can always
take a normal function M for μ whenever cf(μ) ω. In particular, if μ is a regular cardinal, then we can ﬁx the identity
map on μ + 1 as the normal function.
For the reader’s convenience, we restate the following facts concerning the function M , which are easily veriﬁed
(see [19]).
Fact 2.6.2. Let cf(μ) > ω. A normal function M for μ satisﬁes
(1) M is a homeomorphism from cf(μ) + 1 into μ+ 1,
(2) M([0, cf(μ))) is a cub set in μ,
(3) for two normal functions M and M ′ for μ, there is a cub set C in μ such that M  C = M ′  C,
(4) S is a stationary set in μ iff M−1(S) is stationary set in cf(μ).
Now, we show the following result.
Lemma 2.6.3. Let A and B be two subspaces of an ordinal. Let O be a rectangular open cover of A × B. Then the following are
equivalent.
(a) O is normal.
(b) O has a point-ﬁnite open reﬁnement.
(c) O has a discrete rectangular clopen reﬁnement.
Proof. Since (c) ⇒ (a) ⇒ (b) is obvious, we show (b) ⇒ (c). In only this proof, we denote by 〈α,β〉 the point (α,β)
in A × B . Let ≺ be the well-founded relation on Ord2 deﬁned by
〈α,β〉 ≺ 〈γ , δ〉 ⇔ α  γ , β  δ and 〈α,β〉 = 〈γ , δ〉
for each 〈α,β〉, 〈γ , δ〉 ∈ Ord2, where Ord denotes the class of all ordinals. We show by induction on 〈α,β〉 ∈ Ord2. Let
X = A × B . Then we can assume that there are two limit ordinals μ and ν such that
(i) A ⊂ μ + 1 with sup A = μ and B ⊂ ν + 1 with sup B = ν ,
(ii) O  X[0,α] and O  X [0,β] have discrete rectangular reﬁnements for each α < μ and each β < ν , where recall that
X[0,α] = (A ∩ [0,α]) × B and X [0,β] = A × (B ∩ [0, β]).
First, consider the following four cases:
(iii) μ /∈ A, cf(μ) > ω and A is non-stationary in μ,
(iv) μ /∈ A and cf(μ)ω,
(v) ν /∈ B , cf(ν) > ω and B is non-stationary in ν ,
(vi) ν /∈ B and cf(ν)ω.
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each of which has the desired property. Hence X has the same one.
Now, a corner of X denotes a rectangle of the form X [β,ν][α,μ] = (A ∩ [α,μ]) × (B ∩ [β,ν]) for some α < μ and β < ν . By
the assumption (ii) of X , it suﬃces to show that
(∗) O has a member which contains a corner of X .
The case of 〈μ,ν〉 ∈ X is obvious. So we may assume μ /∈ A. By (iii) and (iv), we can assume that
(SA ) A ⊂ μ, cf(μ) > ω and A is stationary in μ.
Let G be a point-ﬁnite open reﬁnement of O.
Case 1. Assume that ν ∈ B: By the existence of G , {O ′: O ∈ O with ν ∈ O ′′} has a point-ﬁnite open reﬁnement. It follows
from Lemma 2.5.2 that there are O 0 ∈ O and α0 ∈ A such that [α0,μ) ∩ A ⊂ O ′0 and ν ∈ O ′′0. Since O ′′0 is open in B , there
is β0 < ν such that [β0, ν] ∩ B ⊂ O ′′0. Hence we have X [β0,ν][α0,μ) = X
[β0,ν]
[α0,μ] ⊂ O ′0 × O ′′0 = O 0 ∈ O.
By (v), (vi), (SA ) and Case 1, we may also assume that
(SB ) B ⊂ ν , cf(ν) > ω and B is stationary in ν .
Thus, hereafter, we may have the assumptions (SA ) and (SB ).
Case 2. Assume that cf(μ) = cf(ν): By the symmetry of (SA ) and (SB ), we may also assume that cf(μ) < cf(ν). By (SA ),
there is a closed subspace A0 of A such that A0 is stationary in μ and |A0| = cf(μ). For each α ∈ A0, it follows from the
point-ﬁniteness of G  {α} × B , (SB ) and Lemma 2.5.2 that there are Gα ∈ G and βα ∈ B such that {α} × ([βα,ν) ∩ B) ⊂ Gα .
By cf(μ) < cf(ν), we can choose δ ∈ B such that δ > sup{βα: α ∈ A0}. Let G0 = {Gα: α ∈ A0}. Since G0  A0 × {δ} is
a point-ﬁnite open cover of A0 × {δ}, it follows from Lemma 2.5.2 again that there are α0 ∈ A0 and γ0 ∈ A0 such that
([γ0,μ) ∩ A0) × {δ} ⊂ Gα0 ∈ G . For each γ ∈ [γ0,μ) ∩ A0, Gα0 is an open neighborhood of 〈γ , δ〉 in X , take f (γ ) < γ with
(( f (γ ), γ ]∩ A)×{δ} ⊂ Gα0 . By PDL, there are A1 ⊂ [γ0,μ)∩ A0 and ξ ∈ A0 such that A1 is stationary in μ and f (γ ) < ξ < γ
for each γ ∈ A1. Take an O 0 ∈ O with Gα0 ⊂ O 0. For the (∗), we show X [δ,ν)[ξ,μ) ⊂ O 0. Pick any 〈α,β〉 ∈ X [δ,ν)[ξ,μ) . Take γ1 ∈ A1
with γ1 > α. Then we have that
〈α, δ〉 ∈ ([ξ,γ1] ∩ A)× {δ} ⊂ (( f (γ1), γ1]∩ A)× {δ} ⊂ Gα0 ⊂ O 0 = O ′0 × O ′′0,
which yields α ∈ O ′0. On the other hand, by α0 ∈ A0, we have that
〈α0, β〉 ∈ {α0} ×
([δ, ν) ∩ B)⊂ {α0} × ([βα0 , ν) ∩ B)⊂ Gα0 ⊂ O 0 = O ′0 × O ′′0,
which yields β ∈ O ′′0. Hence we obtain 〈α,β〉 ∈ O ′0 × O ′′0 = O 0.
Hereafter, we may assume in addition to (SA ) and (SB ) that
(Sκ ) κ = cf(μ) = cf(ν) > ω.
Let M and N be normal functions for μ and ν , respectively (then the choices of M and N do not matter).
Case 3. Assume that M−1(A) ∩ N−1(B) is stationary in κ : Let
S = M−1(A) ∩ N−1(B) ∩ Limκ (κ).
Then S is also stationary in κ . For each γ ∈ S , since 〈M(γ ),N(γ )〉 ∈ X , there is Gγ ∈ G with 〈M(γ ),N(γ )〉 ∈ Gγ . Moreover,
ﬁnd f (γ ) < γ such that X [N( f (γ )),N(γ )][M( f (γ )),M(γ )] ⊂ Gγ . By PDL, there are T ⊂ S and γ0 ∈ S such that T is stationary in κ and
f (γ ) < γ0 < γ for each γ ∈ T . Since
〈
M(γ0),N(γ0)
〉 ∈ X [N(γ0),N(γ )][M(γ0),M(γ )] ⊂ X [N( f (γ )),N(γ )][M( f (γ )),M(γ )] ⊂ Gγ
for each γ ∈ T , it follows that 〈M(γ0),N(γ0)〉 ∈ ⋂γ∈T Gγ . Since G is point-ﬁnite in X , {Gγ : γ ∈ T } must be a ﬁnite
collection. So there are T0 ⊂ T and G0 ∈ G such that T0 is stationary in κ and Gγ = G0 for each γ ∈ T0. Then it is easily
veriﬁed that X [N(γ0),ν)[M(γ0),μ) ⊂ G0 ∈ G . Hence (∗) is satisﬁed.
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cub set C in κ such that C ⊂ Limκ (κ) and C ∩ M−1(A) ∩ N−1(B) = ∅. Since M−1(A) is stationary in κ , so is M−1(A) ∩ C . It
is easily seen by PDL, κ = cf(ν) and the point-ﬁniteness of G that
(∗∗) For each γ ∈ M−1(A)∩ C , there are some Bγ ⊂ B , f (γ ) < γ , g(γ ) ∈ B and Gγ ∈ G such that Bγ is stationary in ν and(
M
(
f (γ )
)
,M(γ )
]× [g(γ ),β]∩ X ⊂ Gγ
for each β ∈ Bγ .
Applying PDL to M−1(A) ∩ C and f , there are S ⊂ M−1(A) ∩ C and γ0 ∈ M−1(A) such that S is stationary in κ and
f (γ ) < γ0 < γ for each γ ∈ S . Assume that {Gγ : γ ∈ S} is an inﬁnite subcollection of G . Choose a sequence {δn} in S such
that Gδn = Gδn′ if n = n′ . By cf(ν) = κ > ω, take β∗ ∈ B with β∗ > sup{g(δn): n ∈ ω}. Since each Bδn is stationary in ν , take
βn ∈ Bδn with βn > β∗ for each n ∈ ω. By (∗∗), we have〈
M(γ0),β
∗〉 ∈ (M( f (δn)),M(δn)]× [g(δn),βn]∩ X ⊂ Gδn
for each n ∈ ω. This contradicts the point-ﬁniteness of G . There are T ⊂ S and G0 ∈ G such that T is stationary in κ and
Gγ = G0 for each γ ∈ T . Take an O 0 = O ′0 × O ′′0 ∈ O with G0 ⊂ O 0. Pick a γ ∗ ∈ T and ﬁx it. It suﬃces to show that
X (g(γ
∗),ν]
[M(γ0),μ] ⊂ O 0. Pick any 〈α,β〉 ∈ X
(g(γ ∗),ν]
[M(γ0),μ] = X
(g(γ ∗),ν)
[M(γ0),μ) . Take ξ ∈ T with M(ξ) > α. By (∗∗) again, we have〈
α, g(ξ)
〉 ∈ (M(γ0),M(ξ)]× {g(ξ)}∩ X ⊂ (M( f (ξ)),M(ξ)]× {g(ξ)}∩ X ⊂ Gξ = G0 ⊂ O 0 = O ′0 × O ′′0,
which yields α ∈ O ′0. Since Bγ ∗ is unbounded in ν , take η ∈ Bγ ∗ with η > β . Then we have〈
M(γ0),β
〉 ∈ (M( f (γ ∗)),M(γ ∗)]× (g(γ ∗), η]∩ X ⊂ Gγ ∗ = G0 ⊂ O 0 = O ′0 × O ′′0,
which yields β ∈ O ′′0. Hence we obtain 〈α,β〉 ∈ O ′0 × O ′′0 = O 0. This completes the proof. 
Now, making use of Lemma 2.6.3 above, we characterize normal covers of the products of a monotonically normal space
and a subspace of an ordinal.
A space X is said to be monotonically normal if there is a function G which assigns to each pair (F , K ) of disjoint closed
sets in X an open set G(F , K ) in X , satisfying
(i) F ⊂ G(F , K ) ⊂ G(F , K ) ⊂ X  K ,
(ii) if (F ′, K ′) is a pair of disjoint closed sets in X with F ⊂ F ′ and K ⊃ K ′ , then G(F , K ) ⊂ G(F ′, K ′).
Note that every subspace of an ordinal is a GO-space and that every GO-space is monotonically normal. Moreover, every
stratiﬁable space (= M3-space) is monotonically normal.
Recall that a space X is shrinking if every open cover U of X has a shrinking (= a closed cover {F (U ): U ∈ U} of X such
that F (U ) ⊂ U for each U ∈ U ), and recall the following properties of monotone normality.
Lemma 2.6.4. ([1,11]) Every monotonically normal space is collectionwise normal and shrinking, and each subspace of it is also
monotonically normal.
For a cover A of a space X , a collection B of subsets of X is called a partial reﬁnement of A if each B ∈ B is contained
in some AB ∈ A (where B may not cover X ).
The following is quite powerful to deal with monotonical normality. In fact, we will make use of this result instead of
the deﬁnition.
Theorem 2.6.5. (Balogh and Rudin [1]) Let X be a monotonically normal space. For every open cover G of X , there are a σ -disjoint
partial reﬁnement U by open sets in X and a discrete collection D of closed subsets each homeomorphic to some stationary subset of a
regular uncountable cardinal such that X 
⋃U =⋃D.
The following is a similar result to [19, Theorem 2.7], and their proofs are also similar. However, we state the proof here
for the completeness and reader’s convenience.
Lemma2.6.6. Let X be a collectionwise normal space (with dim X = 0) and A a subspace of an ordinal. IfO is a point-ﬁnite rectangular
open cover of X × A, then it has a locally ﬁnite and σ -discrete rectangular open reﬁnement with a rectangular shrinking (a discrete
rectangular clopen reﬁnement).
Proof. Let A ⊂ λ + 1 with sup A = λ. We show by induction on λ.
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By Lemma 2.5.1, we can represent A as
⊕
γ∈cf(λ) Bγ , where sup Bγ < λ for each γ ∈ cf(λ). Then {X × Bγ : γ ∈ cf(λ)}
is a discrete rectangular clopen cover of X × A. Since each O  X × Bγ is a point-ﬁnite rectangular open cover of X × Bγ ,
it follows from the inductive assumption that it has a locally ﬁnite and σ -discrete rectangular open reﬁnement Gγ with a
rectangular shrinking Fγ . Let G =⋃{Gγ : γ ∈ cf(λ)} and F =⋃{Fγ : γ ∈ cf(λ)}. Then G and F are the desired reﬁnements
of O.
Case 2. Assume that λ /∈ A, cf(λ) > ω and A is stationary in λ, or that λ ∈ A.
Let O∗ = {O ∈ O: O ′′ is equiﬁnal in A}, and let (O∗)′ = {O ′: O ∈ O∗}. By Lemma 2.5.2, (O∗)′ is an open cover of X . By
cf(λ) > ω, (O∗)′ is point-ﬁnite in X (see Claim in [19, p. 761]). It follows from Theorem 1.2.5 that (O∗)′ is a normal cover
of X . So it has a locally ﬁnite and σ -discrete cozero reﬁnement U with a shrinking K = {KU : U ∈ U}. Take a U ∈ U . We ﬁnd
OU ∈ O∗ and αU ∈ λ such that U ⊂ O ′U and (αU , λ] ∩ A ⊂ O ′′U . Let GU = U × ((αU , λ] ∩ A) and HU = U × ([0,αU ] ∩ A). Let
FU = KU × ((αU , λ] ∩ A) and EU = KU × ([0,αU ] ∩ A). Since U is collectionwise normal (see [8, Problem 5.5.1(b)]), it follows
from the inductive assumption that there is a locally ﬁnite and σ -discrete rectangular open reﬁnement G(U ) of O  HU
with a rectangular shrinking F(U ). Let F∗(U ) = {F ∩ EU : F ∈ F(U )}. Now, we put
G = {GU : U ∈ U} ∪
(⋃{G(U ): U ∈ U}) and
F = {FU : U ∈ U} ∪
(⋃{F∗(U ): U ∈ U}).
Then G and F are the desired reﬁnements of O. The parenthetic part is almost the same as the proof of [19, Theo-
rem 2.7]. 
Now, we are ready to prove the main theorem in this section.
Theorem 2.6.7. Let X be a monotonically normal space and A a subspace of an ordinal. Let O be a rectangular open cover of X × A.
Then the following are equivalent.
(a) O is normal.
(b) O has a point-ﬁnite open reﬁnement.
(c) O has a point-ﬁnite rectangular open reﬁnement.
(d) O has a locally ﬁnite rectangular cozero reﬁnement.
(e) O has a locally ﬁnite and σ -discrete rectangular open reﬁnement which has a rectangular shrinking.
Proof. It suﬃces from Lemma 2.6.6 to prove (b) ⇒ (c). Let A ⊂ λ + 1 with sup A = λ. We show by induction on λ. By a
similar argument as the above, we may consider the case that A is a stationary subset in λ with cf(λ) > ω and the case
of λ ∈ A.
Let O∗ = {O ∈ O: O ′′ is equiﬁnal in A}. By Lemma 2.5.2, (O∗)′ = {O ′: O ∈ O∗} is an open cover of X . By the Balogh–
Rudin theorem (= Theorem 2.6.5), there are a σ -disjoint partial reﬁnement U =⋃n∈ω Un of (O∗)′ by open sets in X , where
each Un is pairwise disjoint, and a discrete collection D of closed subset in X each homeomorphic to a stationary subset of a
regular uncountable cardinal such that X 
⋃U =⋃D. Take an S ∈ D and ﬁx it. Since the rectangular open cover O  S× A
has a point-ﬁnite open reﬁnement, it follows from Lemma 2.6.3 that it has a discrete rectangular clopen reﬁnement VS . Let
V∗S = {V ∈ VS : V ′′ is equiﬁnal in A}.
Claim. (V∗S )′ = {V ′: V ∈ V∗S } is a discrete clopen cover of S.
Proof. For each x ∈ X , since VS  {x} × A is a discrete open cover of {x} × A, it follows from Lemma 2.5.2 that there is
Vx ∈ V∗S with x ∈ V ′x . So (V∗S )′ is a clopen cover of S . Take any V0, V1 ∈ V∗S with V ′0 ∩ V ′1 = ∅. Pick some y ∈ V ′0 ∩ V ′1.
Find αi < λ with (αi, λ] ∩ A ⊂ V ′′i for i = 0,1. Take β ∈ A with β > max{α0,α1}. Then we have (y, β) ∈ V0 ∩ V1. This is
a contradiction, which means that (V∗S )′ is disjoint. 
For each V ∈ V∗S , choose O V ∈ O with V = V ′ × V ′′ ⊂ O V = O ′V × O ′′V . Here, let S range over D. Since D is discrete in X ,
it follows from Claim that
⋃{(V∗S )′: S ∈ D} is a discrete collection of closed sets in X . Since X is collectionwise normal,
there is a discrete collection {UV : V ∈ V∗S and S ∈ D} of open sets in X such that V ′ ⊂ UV ⊂ O ′V for each V ∈ V∗S . For each
V ∈ V∗S , S ∈ D, take αV < λ with (αV , λ] ∩ A ⊂ V ′′ , and let
GV = UV ×
(
(αV , λ] ∩ A
)
and HV = UV ×
([0,αV ] ∩ A).
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S ∈ D, since UV is monotonically normal and O  HV has a point-ﬁnite open reﬁnement, it follows from the inductive
assumption that there is a point-ﬁnite rectangular open reﬁnement G(V ) of O  HV . Let G1 =⋃{G(V ): V ∈ V∗S and S ∈ D}.
Let W = ⋃{UV : V ∈ V∗S and S ∈ D}. Since {UV : V ∈ V∗S and S ∈ D} is a discrete cover of W , G0 ∪ G1 is a point-ﬁnite
rectangular open reﬁnement of O W × A.
For each U ∈ U , choose an OU ∈ O∗ with U ⊂ O ′U . Since
⋃U is countably metacompact by Lemma 2.6.4, there is a
point-ﬁnite open cover {Wn: n ∈ ω} of ⋃U such that Wn ⊂ ⋃Un for each n ∈ ω. So {U ∩ Wn: U ∈ Un and n ∈ ω} is a
point-ﬁnite open cover of
⋃U . For each U ∈ Un , n ∈ ω, take αU < λ with (αU , λ] ∩ A ⊂ O ′′U , and let
GU = (U ∩ Wn) ×
(
(αU , λ] ∩ A
)
and HU = (U ∩ Wn) ×
([0,αU ] ∩ A).
Since O  HU has a point-ﬁnite open reﬁnement, there is a point-ﬁnite rectangular open reﬁnement G(U ) of O  HU . Let
G2 = {GU : U ∈ U} and G3 =⋃{G(U ): U ∈ U}. Then G2 ∪ G3 is a point-ﬁnite rectangular open reﬁnement of O  (⋃U) × A.
Now, we put G = G0 ∪ G1 ∪ G2 ∪ G3. Then we conclude that G is a point-ﬁnite rectangular open reﬁnement of O. 
Similarly, using the parenthetic part of Lemma 2.6.6, we can extend Lemma 2.6.3 in terms of monotonical normality.
Theorem 2.6.8. Let X be a monotonically normal space with dim X = 0 and A a subspace of an ordinal. Let O be a rectangular open
cover of X × A. Then the following are equivalent.
(a) O is normal.
(b) O has a point-ﬁnite open reﬁnement.
(c) O has a point-ﬁnite rectangular open reﬁnement.
(d) O has a discrete rectangular clopen reﬁnement.
3. Normal covers of inﬁnite products
Let X = ∏λ∈Λ Xλ be an inﬁnite product. For each θ ∈ [Λ]<ω , Xθ =∏λ∈θ Xλ is called a ﬁnite subproduct of X , and let
πθ denote the projection of X onto Xθ . In particular, π{λ} is denoted by πλ for each λ ∈ Λ. For each θ, θ ′ ∈ [Λ]<ω with
θ ⊂ θ ′ , πθ ′θ denotes the projection of Xθ ′ onto Xθ . Now, let θ ∈ [Λ]<ω .
A subset of the form
⋂
λ∈θ π
−1
λ (Uλ) in X is called a rectangle, where Uλ ⊂ Xλ for each λ ∈ θ . Then
⋂
λ∈θ π
−1
λ (Uλ) is
called a cozero (open, closed) rectangle in X if each Uλ is a cozero-set (an open set, a closed set) in Xλ . A cover G of the
product X =∏λ∈Λ Xλ is said to be rectangular if each member of G is a rectangle in X . So G is called rectangular cozero
(open) if each member of G is a cozero (open) rectangle in X .
A subset of the form π−1θ (U ) in X is called a cylinder, where U ⊂ Xθ . Then π−1θ (U ) is called a cozero (open, closed)
cylinder in X if U is cozero (open, closed) in Xθ . A cover G of X is said to be cylindrical if each member of G is a cylinder
in X . So G is called cylindrical cozero (open) if each member of G is a cozero (open) cylinder in X .
A subset V in X is said to be θ -distinguished in X if π−1θ πθ (V ) = V . So each cylinder or each rectangle in X is θ -
distinguished in X for some θ ∈ [Λ]<w .
3.7. The background: Rectangularity of inﬁnite products
The rectangularity of ﬁnite or inﬁnite products is deﬁned by the same way as the case of products of two factors.
Deﬁnition 2. A product X = ∏λ∈Λ Xλ is said to be rectangular if every ﬁnite cozero cover of X has a σ -locally ﬁnite
rectangular cozero reﬁnement.1 An inﬁnite product X =∏λ∈Λ Xλ is said to be cylindrical if every ﬁnite cozero cover of X
has a σ -locally ﬁnite cylindrical cozero reﬁnement.
This concept is also very useful for the inﬁnite product theorem in dimension theory as follows.
Theorem 3.7.1. ([29,32]) Let X = ∏λ∈Λ Xλ be a cylindrical product. Then the inequality dim X  sup{dim∏λ∈θ Xλ: θ ∈ [Λ]<ω}
holds.
On the other hand, as in Proposition 3.8.1(d) below, the rectangularity expresses a topological structure of cozero-sets of
inﬁnite products. In this sense, the rectangularity itself is an interesting subject for the study of inﬁnite products. The ﬁrst
result was obtained by Klebanov as follows.
1 We consider that each subproduct of X consisting only one factor is always rectangular.
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However, his proof is similar to that of Gul’ko [12], who proved that every Σ-product of metric spaces is normal. An
essential improvement for the rectangularity was given by Filippov.
Theorem 3.7.3. ([9]) Every inﬁnite product of paracompact p-spaces is rectangular.
Recall that a space X has countable tightness if for any Y ⊂ X and for any x ∈ Y , there is B ⊂ Y with |B|ω and x ∈ B .
Subsequently, the Filippov’s result was generalized in [35, Theorem 2.2] using countable tightness, which immediately
yields the following result.
Theorem 3.7.4. ([35]) Let X =∏λ∈Λ Xλ be an inﬁnite product of β-spaces, each ﬁnite subproduct of which is paracompact and has
countable tightness. For an open cover O of X , the following are equivalent.
(a) O is normal.
(b) O has a σ -locally ﬁnite cylindrical cozero reﬁnement.
(c) O has a locally ﬁnite cylindrical cozero reﬁnement.
(d) O has a locally ﬁnite and σ -discrete cylindrical cozero reﬁnement.
As stated below, the class of β-spaces is the widest one in many classes of generalized metric spaces, which have been
investigated. So this result seems to be a ﬁnal one for the rectangularity of inﬁnite products of generalized metric spaces
with the condition of countable tightness. Moreover, as is stated in Example 3.9.4 below, we cannot take off the countable
tightness of X in there. So, as the next stage of this study, we necessarily deal with normal covers of inﬁnite products of
generalized metric spaces without countable tightness.
Hereafter, products means always inﬁnite products without special mention.
3.8. Normal rectangular products
We begin with some propositions for the rectangularity and the cylindricality of products.
Proposition 3.8.1. For a product X =∏λ∈Λ Xλ , the following are equivalent.
(a) X is rectangular (cylindrical).
(b) Every binary cozero cover of X has a σ -locally ﬁnite rectangular (cylindrical) cozero reﬁnement.
(c) Every normal cover of X has a σ -locally ﬁnite rectangular (cylindrical) cozero reﬁnement.
(d) Every cozero set in X is the union of a σ -locally ﬁnite collection by cozero rectangles (cylinders).
The proof is similar to that of Proposition 1.3.2 which is also easy.
Proposition 3.8.2. Let Λ0 and Λ1 be disjoint index sets. Let X0 = ∏λ∈Λ0 Xλ and X1 = ∏λ∈Λ1 Xλ be rectangular products. Then
X0 × X1 is rectangular if and only if∏λ∈Λ0∪Λ1 Xλ is rectangular.
The proof is quite standard. So the detail is left to the reader.
Proposition 3.8.3. Let X =∏λ∈Λ Xλ be a cylindrical product. If each ﬁnite subproduct of X is rectangular, then X is rectangular.
Proof. Let G = {G0,G1} be a binary cozero cover of X . There is a σ -locally ﬁnite cylindrical cozero reﬁnement V =
{Vα: α ∈ Ω} of G . Since a cozero-set is the countable union of zero-sets, we may assume without loss of generality that
V has a cylindrical shrinking {Zα: α ∈ Ω} by zero-sets. Take an α ∈ Ω . Since Zα ⊂ Vα , we may assume that Vα and Zα
are θα-distinguished in X for some θα ∈ [Λ]<ω . Since {πθa (Vα), Xθα  πθa (Zα)} is a binary cozero cover of Xθα , there is a
σ -locally ﬁnite rectangular cozero reﬁnement Uα of it. Let U∗α = {U ∈ Uα: U ⊂ πθa (Vα)}, and let Wα = {π−1θa (U ): U ∈ U∗α}.
Here, deﬁne W =⋃{Wα: α ∈ Ω}. Then W is a σ -locally ﬁnite rectangular cozero reﬁnement of V . Hence W reﬁnes G . 
Example 3.8.4. There is a non-cylindrical countable product X =∏n∈ω Xn of paracompact spaces, each ﬁnite subproduct of
which is rectangular.
Proof. Let X0 = RQ be the Michael line. Then X0 is a hereditarily paracompact. It was shown in [31] that RQ × P is not
rectangular. Let Xn = ω for each n 1. Then X =∏n∈ω Xn is not rectangular, since it is homeomorphic to RQ × P. So it fol-
lows from Proposition 3.8.2 that X is not rectangular. Each ﬁnite subproduct of X is homeomorphic to the discrete space ωn
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X is not cylindrical. 
Let κ be an inﬁnite cardinal. A space X is κ-paracompact if every open cover of X with cardinality  κ has a locally
ﬁnite open reﬁnement. A cover A of a space X is directed if for any A0, A1 ∈ A, there is A2 ∈ A with A0 ∪ A1 ⊂ A2.
Lemma 3.8.5. ([21]) A space X is κ-paracompact if and only if for every directed open cover U of X with cardinality  κ , there is a
locally ﬁnite open cover V of X such that {V : V ∈ V} reﬁnes U .
Lemma 3.8.6. ([2,4]) Let X =∏α∈κ Xα be a product, each ﬁnite subproduct of which is normal. Then X is normal if and only if it is
κ-paracompact.
Lemma 3.8.7. Let X =∏λ∈Λ Xλ be a product, each ﬁnite subproduct of which is rectangular. If X is normal, then every normal cover
of X has a rectangular cozero reﬁnement which is the union of |Λ| many locally ﬁnite subcollections.
Proof. A basic idea of the proof is seen in the ﬁrst half of that of [6, Theorem 2.6], etc. Let κ = |Λ|ω. Let G be a normal
cover of X . We may assume without loss of generality that G is a binary cozero cover of X (from Theorem 1.2.2(f)). Let
G = {G0,G1}. For each θ ∈ [Λ]<ω and k ∈ 2, let Uθ,k be the maximal open set in Xθ such that π−1θ (Uθ,k) ⊂ Gk , and let
Uθ = Uθ,0 ∪ Uθ,1. Then {π−1θ (Uθ ): θ ∈ [Λ]<ω} is a directed open cover of X such that π−1θ (Uθ ) ⊂ π−1θ ′ (Uθ ′ ) if θ ⊂ θ ′ . Since
X is κ-paracompact, it follows from Lemma 3.8.5 that there is an open cover {Pθ : θ ∈ [Λ]<ω} of X such that
(i) Pθ ⊂ π−1θ (Uθ ) for each θ ∈ [Λ]<ω ,
(ii) Pθ ⊂ Pθ ′ if θ ⊂ θ ′ .
Again, let V θ be the maximal open set in Xθ such that π
−1
θ (V θ ) ⊂ Pθ . Then we have
(iii) V θ ⊂ Uθ = Uθ,0 ∪ Uθ,1 for each θ ∈ [Λ]<ω ,
(iv) {π−1θ (V θ ): θ ∈ [Λ]<ω} covers X .
Take a θ ∈ [Λ]<ω and ﬁx it. Since Xθ is normal, there are two cozero-sets Wθ,0 and Wθ,1 in Xθ such that Wθ,k ⊂ Uθ,k
(k ∈ 2) and V θ ⊂ Wθ,0 ∪Wθ,1. Since Xθ is rectangular, it follows from Proposition 3.8.1(d) that there is a σ -locally ﬁnite col-
lection Wθ,k of cozero rectangles in Xθ such that Wθ,k =⋃Wθ,k for each k ∈ 2. Here, we let Hθ,k = {π−1θ (W ): W ∈ Wθ,k},
where k ∈ 2. Then Hθ,k is a σ -locally ﬁnite collection of cozero rectangles in X , and each member of Hθ,k is contained
in Gk . Thus let H =⋃{Hθ,k: θ ∈ [Λ]<ω and k ∈ 2}. By (iv), H covers X . Hence H is the desired reﬁnement of O. 
Lemma 3.8.8 (Terasawa). ([5, Lemma 1]) If X is a Tychonoff space and C is a compact space, then X × C is rectangular.
Theorem 3.8.9. Let X =∏λ∈Λ Xλ be a product of paracompact spaces, each ﬁnite subproduct of which is rectangular. If X is normal,
then it is rectangular.
Proof. It is well known in [30] that ωω1 is non-normal. Since X is normal, there are no uncountable many Xλ ’s which are
not countably compact. So there is a countable Γ ⊂ Λ such that Xλ is countably compact for each λ ∈ Λ  Γ . Since Xλ is
paracompact, Xλ is compact for each λ ∈ Λ  Γ . Let Y = ∏λ∈Γ Xλ and C = ∏λ∈ΛΓ Xλ . Then C is compact. Since Y is
normal and |Γ |ω, it follows from Lemma 3.8.7 that Y is rectangular. By Lemma 3.8.8, Y × C is rectangular. Moreover, by
Proposition 3.8.2, X = Y × C is rectangular. 
Kemoto [17] has kindly informed the author of a similar result for countable products which are normal and have the
property of rectangularity with shrinking. We avoid stating his result in detail because it seems to be quite complicated for
a description here.
3.9. Products of strong β-spaces
Deﬁnition 3. ([13,34]) A space X is called a strong β-space (respectively, β-space) if there is a function g : X × ω → τ (X),
where τ (X) denotes the topology of X , satisfying
(i) x ∈⋂n∈ω g(x,n) for each x ∈ X ,
(ii) if
⋂
n∈ω g(xn,n) = ∅, then {xn: n ∈ ω} is compact (respectively, {xn} has a cluster point).
In [34], the deﬁnition of strong β-spaces is given by a somewhat different form. However, it is very easy to see their
equivalence.
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(1) Every paracompact β-space is a strong β-space.
(2) The class of strong β-spaces is countably productive, that is, if Xn is a strong β-space for each n ∈ ω, then∏n∈ω Xn is also a strong
β-space.
The following diagram might make clear the location of strong β-spaces.
paracompact p paracompact Σ paracompact β
σ -space strong Σ-space strong β-space β-space
semi-stratiﬁable
Semi-stratiﬁable spaces and (strong) Σ-spaces are dealt with later. Note that all the classes of spaces in this diagram are
countably productive.
We often use the following fact in the later proofs.
Fact 3.9.2. Let X =∏λ∈Λ Xλ be a product and V a θ -distinguished subset in X. Then we have that
(1) if θ ⊂ ρ ⊂ Λ, then V is ρ-distinguished in X,
(2) πθ (V ) = πθ (V ),
(3) for each W ⊂ X, πθ (V ) ∩πθ (W ) = ∅ implies V ∩ W = ∅.
For an n-tuple sequence ξ = (α1, . . . ,αn), let ξ− denote (α1, . . . ,αn−1). Let Ξ be an index set. Hereafter, for each
θξ ∈ [Λ]<ω , ξ ∈ Ξ , a ﬁnite subproduct Xθξ =
∏
λ∈θξ Xλ of X =
∏
λ∈Λ Xλ will appear quite frequently in the later proofs.
So, for simplicity, such an Xθξ is abbreviated by Xξ . Moreover, the projections πθξ and π
θη
θξ
are abbreviated by πξ and π
η
ξ ,
respectively.
Theorem 3.9.3. Let X =∏λ∈Λ Xλ be a product of β-spaces, each ﬁnite subproduct of which is paracompact. For a cylindrical cozero
cover O of X , the following are equivalent.
(a) O is normal.
(b) O has a locally ﬁnite open reﬁnement.
(c) O has a locally ﬁnite closed reﬁnement.
(d) O has a locally ﬁnite cylindrical cozero reﬁnement.
(e) O has a locally ﬁnite and σ -discrete cylindrical cozero reﬁnement.
Proof. The implications (a) ⇒ (b), (a) ⇒ (c) and (e) ⇒ (d) ⇒ (a) are obvious.
First of all, it should be noted by Lemma 3.9.1 that each ﬁnite subproduct of X is a paracompact strong β-space.
(c) ⇒ (e). Let C = {Cs: s ∈ S} be a locally ﬁnite closed reﬁnement of O. For each s ∈ S , choose an O s ∈ O with Cs ⊂ O s
and let O s ∈ O be a ρs-distinguished cozero cylinder in X , where ρs ∈ [Λ]<ω . For each x ∈ X , let ϕ(x) = {s ∈ S: x ∈ Cs}.
Since C is a locally ﬁnite cover of X , we have
(i) ϕ(x) ∈ [S]<ω with ϕ(x) = ∅,
(ii) x ∈ Int(⋃s∈ϕ(x) Cs).
For each n  1, we shall construct an index set Ξn of n-tuple sequences such that one can assign E(ξ), V (ξ),W (ξ),
Wk(ξ) ⊂ X , xξ ∈ X , θξ ∈ [Λ]<ω and a function gξ , satisfying the following conditions:
(a) {V (ξ): ξ ∈ Ξn} is locally ﬁnite and σ -discrete in X .
(b) For each ξ ∈ Ξn ,
(1) ξ− ∈ Ξn−1 and θξ− ⊂ θξ ,
(2) E(ξ) is a θξ− -distinguished closed cylinder in X such that E(ξ) ⊂ E(ξ−),
(3) V (ξ) is a θξ− -distinguished open cylinder in X such that E(ξ) ⊂ V (ξ) ⊂ V (ξ−),
(4) E(ξ) 
⋃{W (μ): μ ∈⋃i<n Ξi} ⊂⋃{E(η): η ∈ Ξn+1 with η− = ξ},
(5) gξ is a strong β-function for Xξ such that π
ξ
ξ− (gξ (x,k)) ⊂ gξ− (π
ξ
ξ− (x),k) for each x ∈ Xξ and each k ∈ ω,
(6) xξ ∈ E(ξ−) ⋃{W (μ): μ ∈⋃i<n−1 Ξi} such that πξ− (E(ξ)) ⊂ gξ− (πξ− (xξ ),n),
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⋃
s∈ϕ(xξ ) Cs ,
(8) μ ∈⋃i<n Ξi with V (μ) ∩ V (ξ) = ∅ implies θμ ⊂ θξ ,
(9) μ ∈ Ξn with V (μ) ∩ V (ξ) = ∅ implies θμ− ⊂ θξ ,
(10) W (ξ) := V (ξ) ∩ (⋃s∈ϕ(xξ ) O s) is a θξ -distinguished cozero cylinder in X ,
(11) {Wk(ξ)} is a sequence of θξ -distinguished cozero cylinders in X such that W (ξ) = ⋃k∈ω Wk(ξ) and Wk(ξ) ⊂
Wk+1(ξ) for each k ∈ ω,
(12) μ ∈⋃i<n−1 Ξi implies Wn(μ) ∩ V (ξ) = ∅.
Let Ξ0 = {∅}. Let E(∅) = V (∅) = X and W (∅) = ∅. Pick a λ0 ∈ Λ, and let θ∅ = {λ0}. Let g∅ be any strong β-function
for Xθ∅ (= Xλ0). The case of n = 0 is complete. Assume that the construction above has been already performed for no
greater than n.
Take any ξ ∈ Ξn and ﬁx it for a while.
Claim 1. {πξ (V (μ)): μ ∈⋃in Ξi} is locally ﬁnite at each point of πξ (V (ξ)).2
Proof.3 Let V∗(ξ) = {πξ (V (μ)): μ ∈ ⋃in Ξi with πξ (V (μ)) ∩ πξ (V (ξ)) = ∅}. Take any πξ (V (μ)) ∈ V∗(ξ). By (3),
V (μ) and V (ξ) are θμ− -distinguished and θξ− -distinguished, respectively, in X . Since V (ξ) is θξ -distinguished in X by (1),
we have V (μ) ∩ V (ξ) = ∅. It follows from (1), (8) and (9) that θμ− ⊂ θξ . Hence V (μ) is θξ -distinguished in X . It follows
from (a) that V∗(ξ) is locally ﬁnite in Xξ . 
Let D(ξ) = πξ (E(ξ)) ⋃{πξ (W (μ)): μ ∈⋃i<n Ξi}. By (1) and (2), πξ (E(ξ)) is closed in Xξ . So D(ξ) is closed in Xξ .
Claim 2. D(ξ) misses
⋃{πξ (Wk(μ)): μ ∈⋃i<n Ξi} for each k ∈ ω.
Proof. Assume that there are m ∈ ω and x0 ∈ D(ξ) ∩⋃{πξ (Wm(μ)): μ ∈⋃i<n Ξi}. Let Γ = {μ ∈⋃i<n Ξi: πξ (Wm(μ)) ∩
πξ (V (ξ)) = ∅}. Since x0 ∈ D(ξ) ⊂ πξ (E(ξ)) ⊂ πξ (V (ξ)), we have that
(∗) x0 ∈
⋃{
πξ
(
Wm(μ)
)
: μ ∈ Γ }.
Take any μ ∈ Γ . Since V (ξ) is θξ -distinguished in X , it follows from (10), (11) and Fact 3.9.2 that ∅ = Wm(μ) ∩ V (ξ) ⊂
W (μ) ∩ V (ξ) ⊂ V (μ) ∩ V (ξ). By (8), θξ contains θμ . So Wm(μ) is θξ -distinguished in X , because it is θμ-distinguished
by (11). By Fact 3.9.2, (10) and (11), we have that
(∗∗) πξ
(
Wm(μ)
)= πξ (Wm(μ))⊂ πξ (W (μ))⊂ πξ (V (μ)).
By Claim 1 and (∗∗), {πξ (Wm(μ)): μ ∈ Γ } is locally ﬁnite at x0 ∈ πξ (V (ξ)). By (∗), there is μ0 ∈ Γ ⊂ ⋃i<n Ξi with
x0 ∈ πξ (Wm(μ0)). However, by the choice of D(ξ), we have x0 /∈ πξ (W (μ0)) ⊃ πξ (Wm(μ0)). This is a contradiction. 
Remember that a strong β-function gξ for Xξ satisfying (5) has been constructed and that D(ξ) ⊂ πξ (E(ξ)) ⊂ πξ (V (ξ)).
By Claims 1 and 2, for each p ∈ D(ξ), one can take an open neighborhood N(p) of p in Xξ , satisfying
(iii) N(p) ⊂ gξ (p,n + 1) ∩πξ (V (ξ)),
(iv) N(p) meets at most ﬁnitely many members of {πξ (V (μ)): μ ∈⋃in Ξi},
(v) N(p) ∩ (⋃{πξ (Wn+1(μ)): μ ∈⋃i<n Ξi}) = ∅.
Since D(ξ) is closed in Xξ which is paracompact, there are two locally ﬁnite and σ -discrete collections {F (ξα): α ∈ Ω(ξ)}
and {U (ξα): α ∈ Ω(ξ)} of subsets in Xξ , satisfying
(vi) each F (ξα) is a closed set in Xξ and each U (ξα) is a cozero-set in Xξ such that F (ξα) ⊂ U (ξα) ⊂ N(pξα) for
some pξα ∈ D(ξ),
(vii) D(ξ) =⋃{F (ξα): α ∈ Ω(ξ)}.
2 A collection A of subsets in a space X is locally ﬁnite at p ∈ X if there is an open neighborhood V of p such that V meets at most ﬁnitely many
members of A.
3 Claim 1 was stated as Claim 1 in the proof of [35, Theorem 2.2], and the proof is the same as the previous one. However, we restate it here for the
reader’s convenience.
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Ξn+1 =
{
ξα: α ∈ Ω(ξ) and ξ ∈ Ξn
}
.
Now, take any η = ξα ∈ Ξn+1 and ﬁx it. Where note that η− = ξ . Let E(η) = π−1ξ (F (ξα)) and V (η) = π−1ξ (U (ξα)).
Then E(η) and V (η) are a θξ -distinguished closed cylinder and a cozero cylinder, respectively, in X such that E(η) ⊂ E(ξ)
and E(η) ⊂ V (η) ⊂ V (ξ). So (2) and (3) are satisﬁed. Since pη = pξα ∈ D(ξ) ⊂ πξ (E(ξ)), there is some xη ∈ E(ξ) with
πξ (xη) = pη . Assume that xη ∈ W (μ1) for some μ1 ∈⋃i<n Ξi . Since xη ∈ W (μ1)∩ E(ξ) ⊂ V (μ1)∩ V (ξ), it follows from (8)
that θξ contains θμ1 . By (10), W (μ1) is θξ -distinguished in X . By the choice of D(ξ), we have pη /∈ πξ (W (μ1)). Hence xη
is not in W (μ1), which is a contradiction. Thus we conclude that xη ∈ E(ξ) ⋃{W (μ): μ ∈⋃i<n Ξi}. Moreover, by the
choice of xη , we have that
F (η) = πξ
(
E(η)
)⊂ N(pη) = N(πξ (xη))⊂ gξ (πξ (xη),n + 1).
(6) is satisﬁed. Since xη ∈ Int(⋃s∈ϕ(xη) Cs) by (ii), there is δη ∈ [Λ]<ω with π−1δη πδη (xη) ⊂⋃s∈ϕ(xη) Cs . Recall that each O s is
ρs-distinguished in X . Here we let
θη = θξ ∪ δη ∪
(⋃{
ρs: s ∈ ϕ(xη)
})∪ (⋃{θμ: μ ∈ Ξn with V (μ) ∩ V (ξ) = ∅}
)
.
By (vi), πξ (V (η)) = πξπ−1ξ (U (η)) = U (η) ⊂ N(pη). Since N(pη) meets at most ﬁnitely many members of {πξ (V (μ)):
μ ∈ Ξn} by (iv), {μ ∈ Ξn: V (μ) ∩ V (η) = ∅} is at most ﬁnite. Hence we obtain θη ∈ [Λ]<ω . By δη ⊂ θη , we have
π−1θη πθη (xη) ⊂
⋃
s∈ϕ(xη) Cs . (7) is satisﬁed. Take any μ ∈
⋃
in Ξi with V (μ) ∩ V (η) = ∅. In case of μ ∈
⋃
i<n Ξi : Since
V (μ) ∩ V (ξ) = ∅, by the assumption (8), we have θμ ⊂ θξ ⊂ θη . In case of μ ∈ Ξn: By the choice of θη , we have θμ ⊂ θη .
(8) is satisﬁed. Take any μ ∈ Ξn+1 with V (μ) ∩ V (η) = ∅. By (1) and (3), μ− ∈ Ξn and V (μ−) ∩ V (η) = ∅. By the choice
of θη , we have θμ− ⊂ θη . (9) is satisﬁed. Deﬁne W (η) = V (η)∩ (
⋃
s∈ϕ(xη) O s) as in (10). By the choice of θη , V (η) and all O s
for s ∈ ϕ(xη) are θη-distinguished in X . Hence W (η) is a θη-distinguished cozero cylinder in X . Moreover, we can take a se-
quence {Wk(η)} of θη-distinguished cozero cylinders, satisfying (11). Assuming the contrary for (12), there is μ2 ∈⋃i<n Ξi
with Wn+1(μ2) ∩ V (η) = ∅. Since V (μ2) ∩ V (ξ) ⊃ W (μ2) ∩ V (η) = ∅, it follows from (8) that θξ contains θμ2 . So W (μ2)
and Wn+1(μ2) are θξ -distinguished in X . Since pη ∈ D(ξ), it follows from (v) that N(pη) misses πξ (Wn+1(μ2)). Hence
π−1ξ (N(pη)) misses Wn+1(μ2). On the other hand, since V (η) = π−1ξ (U (η)) ⊂ π−1ξ (N(pη)), we have V (η)∩ Wn+1(μ2) = ∅.
This contradicts the choice of μ2. Finally, since Xη is a strong β-space and π
η
ξ (= πηη− ) is continuous, we can take a strong
β-function gη for Xη , satisfying (5).
Now, let us range η over Ξn+1. Since {V (η): η ∈ Ξn+1 with η− = ξ} is locally ﬁnite and σ -discrete in X for each ξ ∈ Ξn ,
(a) is satisﬁed by inductive assumption. It remains to show for (4). Pick any x ∈ E(ξ)⋃{W (μ): μ ∈⋃i<n Ξi}. Assume that
there is μ3 ∈⋃i<n Ξi with πξ (x) ∈ πξ (W (μ3)). Then πξ (x) ∈ πξ (V (ξ)) ∩ πξ (W (μ3)) and V (ξ) is θξ -distinguished in X , it
follows from Fact 3.9.2 that V (ξ) meets W (μ3). By (8) and (10), θξ contains θμ3 . So W (μ3) is θξ -distinguished in X . This
implies x ∈ W (μ3), which contradicts the choice of x. Hence, by (vii), we have that
πξ (x) ∈ πξ
(
E(ξ)
)

⋃{
πξ
(
W (μ)
)
: μ ∈
⋃
i<n
Ξi
}
= D(ξ) =
⋃{
F
(
ξα
)
: α ∈ Ω(ξ)}.
There is β ∈ Ω(ξ) with πξ (x) ∈ F (ξβ). Let ν = ξβ . Then it follows that ν ∈ Ξn+1 with ν− = ξ and x ∈ π−1ξ (F (ξβ)) =
E(ν). Thus (4) is satisﬁed. By the mention stated above, our construction has been completed for n + 1.
We deﬁne W = {W (ξ): ξ ∈ Ξn and n ∈ ω}. Now, we shall show that W covers X . Assuming the contrary, pick a point
y ∈ X ⋃W . By (4), we can inductively choose a sequence {ξ(n)} of indices, satisfying for each n ∈ ω,
(viii) ξ(n) ∈ Ξn with ξ(n)− = ξ(n − 1),
(ix) y ∈ E(ξ(n)).
For the simplicity, we abbreviate πξ(n),π
ξ( j)
ξ(n) , xξ(n) and gξ(n) to πn,π
j
n , xn and gn , respectively.
Claim 3. ϕ(xn) ∩ ϕ(xn′ ) = ∅ if |n − n′| 2.
Proof. Assuming the contrary, there are i,n ∈ ω and s0 ∈ S such that i < n − 1 and s0 ∈ ϕ(xi) ∩ ϕ(xn). By (3) and (6), we
have xn ∈ E(ξ(n − 1)) ⊂ V (ξ(n − 1)) ⊂ V (ξ(i)). Then it follows from (10) that xn ∈ V (ξ(i)) ∩ Cs0 ⊂ V (ξ(i)) ∩ O s0 ⊂ W (ξ(i)).
However, since ξ(i) ∈ Ξi , i < n − 1 and ξ(n) ∈ Ξn , it follows from (6) that xn /∈ W (ξ(i)). This is a contradiction. 
Let Jn = {πn−1(x j): j  n} for each n 1. It follows from (ix), (6) and (5) that
πn−1(y) ∈ π j−1 ◦ π j−1
(
E
(
ξ( j)
))⊂ π j−1 ◦ g j−1(π j−1(x j), j)⊂ gn−1(πn−1(x j), j)n−1 n−1
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{ Jn,πn−1n−2 } is an inverse sequence of non-empty compact subspaces. Hence the inverse limit is non-empty, which means
that there is zn ∈ Jn with πnn−1(zn+1) = zn for each n ∈ ω. Let R =
⋃
n∈ω θn ∈ [Λ]ω . Now, we can take the point z∞ ∈ X
deﬁned by πn−1(z∞) = zn for each n  1 and πΛR(z∞) = πΛR(y). Since C is locally ﬁnite at z∞ in X , there are a
basic open neighborhood H of z∞ in X and a ﬁnite subset ψ of S such that H ∩ Cs = ∅ for each s ∈ S  ψ . We may
let H = π(H) × ∏λ∈Rθ Xλ × πΛR(H) for some  ∈ ω. Since π(H) is an open neighborhood of π(z∞) = z+1 and
z+1 ∈ J+1, there is an increasing sequence {n j} of natural numbers greater than  such that π(xn j ) ∈ π(H) for each
j ∈ ω. By Claim 3, ϕ(xni ) ∩ ϕ(xn j ) = ∅ if ni + 1 < n j . There is j0 ∈ ω such that ϕ(xn j ) ∩ ψ = ∅ for each j  j0. Let
m = n j0 . Then we get m > , π(xm) ∈ π(H) and ϕ(xm) ∩ ψ = ∅. Take the point x∞ ∈ X deﬁned by πR(x∞) = πR(xm)
and πΛR(x∞) = πΛR(y). Then we have x∞ ∈ H . On the other hand, by (7), we have that x∞ ∈ π−1m πm(xm) ⊂
⋃
s∈ϕ(xm) Cs .
Take s0 ∈ ϕ(xm) with x∞ ∈ Cs0 . Then x∞ belongs to both H and Cso . However, since ϕ(xm) misses ψ , s0 is not in ψ . This
means that H misses Cs0 . This is a contradiction. Hence we have shown that W covers X .
Claim 4. V := {V (ξ): ξ ∈ Ξn and n ∈ ω} is locally ﬁnite in X.
Proof. Pick any point x ∈ X . Since W covers X , ﬁnd μx ∈⋃n∈ω Ξn with x ∈ W (μx). Let μx ∈ Ξq for some q ∈ ω. By (11),
choose r ∈ ω with r > q and x ∈ Wr(μx). Pick any ξ ∈ Ξn with n  r + 1. Since μx ∈ Ξq ⊂⋃i<r Ξi ⊂⋃i<n−1 Ξi , it follows
from (12) that Wr(μx) ∩ V (ξ) ⊂ Wn(μx) ∩ V (ξ) = ∅. So Wr(μx) misses all members of {V (ξ): ξ ∈ Ξn and n > r}. By (a),
{V (ξ): ξ ∈ Ξn and n r} is locally ﬁnite in X . Hence V is locally ﬁnite at x. 
By (a), V is σ -discrete in X . By (10), note that each W (ξ) is a cozero cylinder in X with W (ξ) ⊂ V (ξ). So it follows
from Claim 4 that W = {W (ξ): ξ ∈ Ξn and n ∈ ω} is a locally ﬁnite and σ -discrete cylindrical cozero cover of X , because
W covers X . Let
W∗ = {W (ξ) ∩ O s: s ∈ ϕ(xξ ), ξ ∈ Ξn and n ∈ ω}.
Then W∗ is a locally ﬁnite and σ -discrete cylindrical cozero reﬁnement of O.
(b) ⇒ (e). Let G = {Gs: s ∈ S} be a locally ﬁnite open reﬁnement of O. For each x ∈ X , choose sx ∈ S with x ∈ Gsx , and
let ϕ(x) = {sx}. Then the remaining proof is similar to the above. It is straightforward and the details are left to the reader.
Thus the proof of Theorem 3.9.3 is completed. 
Example 3.9.4. There is a product X =∏α∈ω1 Xα of β-spaces, each ﬁnite subproduct of which is paracompact and rectan-
gular, but X is not cylindrical.
Proof. Recall that Z = ωω1 is not normal. So it is not paracompact. Then it follows from [16, Theorem 8] that there is a
space Y with only one non-isolated point p such that Y × Z is not rectangular. It is easily veriﬁed that Y is a paracompact
β-space. In fact, consider the function g : Y × ω → τ (Y ) deﬁned by g(y,n) = {y} if y ∈ Y  {p} and g(p,n) = Y for each
n ∈ ω. Then g is a strong β-function for Y . Let X0 = Y and Xα = ω for each α ∈ ω1  {0}. Let X = ∏α∈ω1 Xα . Since
Y is paracompact, it is obvious that each ﬁnite subproduct of X is paracompact and rectangular. Since X = Y × Z is not
rectangular, it follows from Proposition 3.8.3 that X is not cylindrical. 
Remark 3.9.5. Since the product X stated in Example 3.9.4 is not cylindrical, there is a binary cozero cover O of X which has
no σ -locally ﬁnite cylindrical cozero reﬁnement. So one cannot take off the assumption “cylindrical” of O in Theorem 3.9.3.
3.10. Products of semi-stratiﬁable spaces
Deﬁnition 4. ([7]) A space X is called a semi-stratiﬁable if there is a function g : X × ω → τ (X), satisfying, where τ (X)
denotes the topology of X ,
(i) x ∈⋂n∈ω g(x,n) for each x ∈ X ,
(ii) if y ∈⋂n∈ω g(xn,n), then {xn} converges to y.
Recall that the class of semi-stratiﬁable spaces is countably productive (see [7]).
Theorem 3.10.1. Let X = ∏λ∈Λ Xλ be a product of semi-stratiﬁable spaces, each ﬁnite subproduct of which is paracompact. For a
cylindrical open cover O of X , the following are equivalent.
(a) O is normal.
(b) O has a σ -locally ﬁnite open reﬁnement.
(c) O has a σ -discrete cylindrical open reﬁnement.
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obvious. Since (a) → (b) is also obvious, we only show (b) → (c).
Let G =⋃m∈ω Gm be a σ -locally ﬁnite open reﬁnement of O, where Gm = {Gs: s ∈ Sm} is locally ﬁnite in X for each
m ∈ ω. Take an m ∈ ω, and ﬁx it for a while. Let Gm =⋃Gm . We may assume that Gs = Gs′ if s, s′ ∈ Sm with s = s′ . For each
s ∈ Sm , choose an O s ∈ O with Gs ⊂ O s .
Now, for each n  1, we construct an index set Ξn of n-tuple sequences such that, for each ξ ∈ Ξn , one can assign
E(ξ), V (ξ),W (ξ) ⊂ X , xξ ∈ X , θξ ∈ [Λ]<ω , s(ξ) ∈ Sm and a semi-stratiﬁable function gξ for Xξ , satisfying the following
conditions:
(a) {V (ξ): ξ ∈ Ξn} is a σ -discrete collection of open cylinders in X .
(b) For each ξ ∈ Ξn ,
(1) ξ− ∈ Ξn−1,
(2) E(ξ) is a θξ− -distinguished closed set in X such that E(ξ) ⊂ E(ξ−),
(3) V (ξ) is a θξ− -distinguished open set in X such that E(ξ) ⊂ V (ξ) ⊂ V (ξ−),
(4) (E(ξ) ∩ Gm) ⋃{W (μ): μ ∈ Ξi, i  n} ⊂⋃{E(η): η ∈ Ξn+1 with η− = ξ},
(5) πξξ− ◦ gξ (x,k) ⊂ gξ− (π
ξ
ξ− (x),k) for each x ∈ Xξ and k ∈ ω,
(6) xξ ∈ (E(ξ−) ∩ Gm) ⋃{W (μ): μ ∈ Ξi, i < n} such that πξ− (E(ξ)) ⊂ gξ− (πξ− (xξ ),n),
(7) θξ− ⊂ θξ and π−1ξ πξ (xξ ) ⊂ Gs(ξ) ,
(8) W (ξ) := V (ξ) ∩ O s(ξ) .
Let Ξ0 = {∅} and let E(∅) = V (∅) = X and W (∅) = ∅. Take any λ0 ∈ Λ and let θ∅ = {λ0}. Let g∅ be any semi-stratiﬁable
function for Xλ0 . Assume that the construction above has been already performed for no greater than n.
Take any ξ ∈ Ξn and ﬁx it. Note that πξ (E(ξ)) is closed in Xξ . Let
Hξ =
{
gξ
(
πξ (x),n + 1
)∩πξ (E(ξ)): x ∈ (E(ξ) ∩ Gm)⋃{W (μ): μ ∈ Ξi, i  n}
}
.
Since Xξ is perfect,
⋃Hξ is an open Fσ -set in πξ (E(ξ)). By the paracompactness of Xξ , there is a σ -discrete collection Fξ
of closed sets in Xξ such that
⋃Fξ =⋃Hξ and Fξ reﬁnes Hξ . Moreover, there is a σ -discrete collection {UF : F ∈ Fξ } of
open sets in Xξ such that F ⊂ UF ⊂ πξ (V (ξ)) for each F ∈ Fξ . Let Fξ = {Fξα: ξα ∈ Ξ(ξ)}. For each η = ξα ∈ Ξ(ξ),
let E(η) = π−1ξ (Fη) and V (η) = π−1ξ (UFη ). Then we have E(η) ⊂ V (η). When
⋃Hξ = ∅, let Ξ(ξ) = ∅.
Take any η = ξα ∈ Ξ(ξ). Since Fξ reﬁnes Hξ , we can pick a point
xη ∈
(
E(ξ) ∩ Gm
)

⋃{
W (μ): μ ∈ Ξi, i  n
}
such that πξ (E(η)) = Fη ⊂ gξ (πξ (xη),n + 1) ∩ πξ (E(ξ)). Take an s(η) ∈ Sm with xη ∈ Gs(η) ∈ Gm . Since Gs(η) is open in X ,
we can take a θη ∈ [Λ]<ω such that θη ⊃ θξ and π−1η πη(xη) ⊂ Gs(η) . Let W (η) = V (η) ∩ O s(η) . Since V (η) and O s(η) are
cylindrical open sets in X , so is W (η). Since Xη is semi-stratiﬁable, we can take a semi-stratiﬁable function gη for Xη ,
satisfying (5).
Here, letting ξ range over Ξn , we set Ξn+1 =⋃{Ξ(ξ): ξ ∈ Ξn}. Thus, we have constructed E(η), V (η),W (η) ⊂ X , xη ∈ X ,
θη ∈ [Λ]<ω , s(η) ∈ Sm and gη for each η ∈ Ξn+1. All of them satisfy all conditions of (a) and (b) for n + 1. Our construction
has been done by induction.
Let Wm,n = {W (ξ): ξ ∈ Ξn} for each n ∈ ω. Let Wm =⋃n∈ω Wm,n . We show that Wm covers Gm . Assume the contrary.
Take a point y ∈ Gm ⋃Wm . By (4), we can inductively choose a sequence {ξ(n)} of indices such that ξ(n) ∈ Ξn , y ∈ E(ξ(n))
and ξ(n)− = ξ(n − 1) for each n  1. By (5) and (6), we have πξ(k)(y) ∈⋂n>k gξ(k)(πξ(k)(xξ(n)),n). So {πξ(k)(xξ(n)): n > k}
converges to πξ(k)(y) for each k ∈ ω. Let R = ⋃n∈ω θξ(n) . Then R ∈ [Λ]ω . For each n ∈ ω, pick the point zn ∈ X de-
ﬁned by πR(zn) = πR(xξ(n)) and πΛR(zn) = πΛR(y). It is easily veriﬁed that {zn} converges to y. By (7), we have
zn ∈ π−1R πR(xξ(n)) ⊂ π−1ξ(n)πξ(n)(xξ(n)) ⊂ Gsn for each n ∈ ω, where let sn = s(ξ(n)).
Claim. {Gsn : n ∈ ω} consists of different members of Gm.
Proof. Assume that sn = si for some i < n. Since xξ(n) ∈ π−1ξ(n)πξ(n)(xξ(n)) ⊂ Gsn ⊂ O sn and xξ(n) ∈ E(ξ(n−1)) ⊂ V (ξ(n−1)) ⊂
V (ξ(i)), we have that
xξ(n) ∈ V
(
ξ(i)
)∩ O sn = V (ξ(i))∩ O si = W (ξ(i)).
However, since ξ(i) ∈ Ξi , i < n and ξ(n) ∈ Ξn , by (6), we have xξ(n) /∈ W (ξ(i)). This is a contradiction.
Thus each Gsn contains zn , {zn} converges to y and {Gsn : n ∈ ω} is locally ﬁnite at y. Hence {sn: n ∈ ω} must be at
most ﬁnite. This contradicts Claim. We have shown Gm ⊂⋃Wm . By (a) and (8), we conclude that ⋃m∈ω Wm is a σ -discrete
cylindrical open reﬁnement of O. 
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In this subsection, we exceptionally use N = {1,2, . . .} (= ω  {0}) instead of ω.
Deﬁnition 5. ([26]) A space X is called a Σ-space if there is a sequence {Fn}n∈N of locally ﬁnite closed covers of X , satisfying
the following:
If {Kn}n∈N is a decreasing sequence of closed sets in X such that Kn ⊂⋂{F ∈ Fn: x ∈ F } for some x ∈ X and each n ∈ N,
then
⋂
n∈N Kn = ∅ holds.
Recall that the class of paracompact Σ-spaces is countably productive and contains that of strong Σ-spaces (see [26]).
First we need the following lemma similar to [26, Lemma 1.4].
Lemma 3.11.1. Let X be a paracompact Σ-space. Then there is a sequence {F(n)}n∈N of locally ﬁnite and σ -discrete closed covers
of X , satisfying for each n ∈ N,
(1) F(n) = {F (α1 · · ·αn): α1, . . . ,αn ∈ Ω},
(2) F (α1 · · ·αn) =⋃{F (α1 · · ·αnαn+1): αn+1 ∈ Ω} for each α1, . . . ,αn ∈ Ω ,
(3) for each x ∈ X, there is some (α1,α2, . . .) ∈ ΩN such that
(i)
⋂
n∈N F (α1 · · ·αn) is a compact subset containing x,
(ii) if {Kn}n∈N is a decreasing sequence of non-empty closed sets in X such that Kn ⊂ F (α1 · · ·αn) for each n ∈ N, then⋂
n∈N Kn = ∅.
Proof. Let {Fn}n∈N be a sequence of locally ﬁnite closed covers of X , which witnesses X being a Σ-space in the above
deﬁnition. Since X is paracompact, for each n ∈ N, there is a locally ﬁnite and σ -discrete open cover Un = {Uγ : γ ∈ Γn}
of X such that each Uγ meets at most ﬁnitely many members of Fn . Let
F ′n = {Uγ ∩ F : γ ∈ Γn and F ∈ Fn}.
Moreover, let F∗n be the collection of all ﬁnite intersections of members of F ′n . Then each F∗n is a locally ﬁnite and σ -
discrete closed cover of X , which reﬁnes Fn . Now, let F∗n = {Fnα: α ∈ Ωn} for each n ∈ N, and let Ω =
⊕
n∈N Ωn . Let Fnα = ∅
if α ∈ Ω  Ωn . Then F∗n = {Fnα: α ∈ Ω} for each n ∈ N. Let F (α1 · · ·αn) = F 1α1 ∩ · · · ∩ Fnαn for each (α1, . . . ,αn) ∈ Ωn , n ∈ N,
and let
F(n) = {F (α1 · · ·αn): (α1, . . . ,αn) ∈ Ωn}.
Then it is a routine to verify that the sequence {F(n)}n∈N is the desired sequence of closed covers of X . 
For convenience, we call the sequence {F(n)}n∈N described in Lemma 3.11.1 a spectral Σ-net of X , and call {F (α1 · · ·αn):
n ∈ N} satisfying (3) above a local Σ-net at x.
Let X =∏λ∈Λ Xλ be a product and let U be a rectangular open cover of X . We say that {F (U ): U ∈ U} is a rectangular
(cylindrical) shrinking of U if it is a cover of X such that each F (U ) is a closed rectangle (cylinder) contained in U .
Lemma 3.11.2. ([33]) Let X =∏in Xi be a ﬁnite product of paracompact Σ-spaces. Then every (ﬁnite) open cover of X has a locally
ﬁnite and σ -discrete rectangular open reﬁnement which has a rectangular shrinking.
For an n-tuple sequence ξ = (α1, . . . ,αn), let ξ | i = (α1, . . . ,αi) for each i  n. In particular, we have ξ− = ξ | (n − 1) =
(α1, . . . ,αn−1).
Theorem 3.11.3. Let X = ∏λ∈Λ Xλ be a product of paracompact Σ-spaces. For a cylindrical open cover O of X , the following are
equivalent.
(a) O is normal.
(b) O has a locally ﬁnite open reﬁnement.
(c) O has a locally ﬁnite and σ -discrete cylindrical open reﬁnement with a cylindrical shrinking.
(d) O has a locally ﬁnite and σ -discrete rectangular open reﬁnement with a rectangular shrinking.
(e) O has a locally ﬁnite and σ -discrete rectangular cozero reﬁnement.
Proof. The implications (a) ⇒ (b) and (d) ⇒ (e) ⇒ (a) are obvious.
(c) ⇒ (d). Let E be a cylindrical closed set and U a cylindrical open set in X with E ⊂ U . We may consider that both
E and U are θ -distinguished in X for some θ ∈ [Λ]<ω . Applying Lemma 3.11.2 to the ﬁnite product Xθ = ∏λ∈θ Xλ , the
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shrinking {FV : V ∈ V}. Let V∗ = {V ∈ V: V ⊂ U }. Then V∗ is a locally ﬁnite and σ -discrete (in X ) collection by open
rectangles. Moreover, notice that E ⊂⋃{FV : V ∈ V∗} ⊂⋃V∗ ⊂ U . It is easy to see from this that both “cylindrical” in (c)
can be replaced by “rectangular”.
(b) ⇒ (c). Let G = {Gs: s ∈ S} be a locally ﬁnite open reﬁnement of O. For each s ∈ S , choose an O s ∈ O with Gs ⊂ O s
and ﬁx it.
Now, for each n ∈ N, we shall construct an index set Ξn of n-tuple sequences which is divided with Ξn,0 and Ξn,1 (i.e.,
Ξn,1 = Ξn  Ξn,0) such that one can assign
• ξ ∈ Ξn → C(ξ), V (ξ) ⊂ X and θξ ∈ [Λ]<ω ,
• ξ ∈ Ξn,0 → W (ξ), Wk(ξ) ⊂ X and ϕ(ξ) ∈ [S]<ω ,
• ξ ∈ Ξn,1 → xξ ∈ X , s(ξ) ∈ S , an n × n matrix Mξ and an index set Ω(ξ),
satisfying the following conditions:
(a) {V (ξ): ξ ∈ Ξn} is locally ﬁnite and σ -discrete in X .
(b) For each ξ ∈ Ξn ,
(1) ξ− ∈ Ξn−1,1 and θξ− ⊂ θξ ,
(2) C(ξ) is a θξ− -distinguished closed cylinder in X such that C(ξ) ⊂ C(ξ−),
(3) V (ξ) is a θξ− -distinguished open cylinder in X such that C(ξ) ⊂ V (ξ) ⊂ V (ξ−).
(c) For each ξ ∈ Ξn,0,
(4) W(ξ) := {Ws: s ∈ ϕ(ξ)} is a ﬁnite collection of cozero cylinders in X such that C(ξ) ⊂ W (ξ) :=⋃W(ξ) and that
Ws ⊂ O s ∩ V (ξ) and O s is θξ -distinguished in X for each s ∈ ϕ(ξ),
(5) {Wk(ξ)} is a sequence of θξ -distinguished open sets in X such that W (ξ) =⋃k∈ω Wk(ξ) and Wk+1(ξ) ⊂ Wk(ξ) for
each k ∈ ω.
(d) For each ξ ∈ Ξn,1,
(6) {F (α1 · · ·αk): α1, . . . ,αk ∈ Ω(ξ)}, k ∈ N, is a spectral Σ-net of Xξ ,
(7) Mξ = (αi j)i, jn implies that αi1, . . . ,αin ∈Ω(ξ | (i−1)) for i=1, . . . ,n, and that C(ξ)⊂ ⋂in π−1ξ |(i−1)(F (αi1 · · ·αi n)),
(8) Mξ = (αi j)i, jn,αin+1 ∈ Ω(ξ | (i − 1)) for i = 1, . . . ,n and αn+1 j ∈ Ω(ξ) for j = 1, . . . ,n + 1 implies that( ⋂
in+1
π−1
ξ |(i−1)
(
F (αi1 · · ·αi n+1)
)∩ C(ξ)
)

⋃{
W (μ): μ ∈ Ξi,0 and i < n
}
⊂
⋃{
C(η): η ∈ Ξn+1,1 with η− = ξ and Mη = (αi j)i, jn+1
}
,
(9) xξ ∈ C(ξ) ∩ Gs(ξ) with s(ξ) = s(ξ | i) for i = 1, . . . ,n − 1,
(10) π−1ξ πξ (xξ ) ⊂ Gs(ξ) ,
(11) μ ∈⋃i<n Ξi with V (μ) ∩ V (ξ) = ∅ implies θμ ⊂ θξ ,
(12) μ ∈ Ξn with V (μ) ∩ V (ξ) = ∅ implies θμ− ⊂ θξ ,
(13) μ ∈⋃i<n−1 Ξi,0 implies Wn(μ) ∩ V (ξ) = ∅.
Let Ξ0 = Ξ0,1 = {∅} and Ξ0,0 = ∅. Let C(∅) = V (∅) = X . Let M∅ be the empty matrix (∅). Take a λ0 ∈ Λ and let θ∅ = {λ0}.
By Lemma 3.11.1, there is an index set Ω(∅) satisfying (6) on Xλ0 . This completes the case of n = 0. Assume that the
construction above has been already performed for no greater than n.
Take any ξ ∈ Ξn,1 and ﬁx it for a while. Let
M(ξ) = {L = (αi j)i, jn+1: L | (n × n) = (αi j)i, jn = Mξ , αi n+1 ∈ Ω(ξ | (i − 1)) for 1 i  n and
αn+1 j ∈ Ω(ξ) for 1 j  n+ 1
}
.
For each L = (αi j)i, jn+1 ∈ M(ξ), let
E(L) =
⋂
in+1
π−1
ξ |(i−1)
(
F (αi1 · · ·αi n+1)
)∩ C(ξ).
It follows from (1) and (2) that E(L) is a θξ -distinguished closed set in X such that
πξ
(
E(L)
)= ⋂
in+1
(
π
ξ
ξ |(i−1)
)−1(
F (αi1 · · ·αi n+1)
)∩πξ (C(ξ)).
By (6), {πξ (E(L)): L ∈ M(ξ)} is locally ﬁnite and σ -discrete in Xξ . Since Xξ is paracompact and πξ (E(L)) ⊂ πξ (C(ξ)) ⊂
πξ (V (ξ)) by (3), there is a locally ﬁnite and σ -discrete collection {U (L): L ∈ M(ξ)} of open sets in Xξ such that πξ (E(L)) ⊂
U (L) ⊂ πξ (V (ξ)) for each L ∈ M(ξ).
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This proof is the same as that of Claim 1 in the proof of Theorem 3.9.3.
For each L = (αi j)i, jn+1 ∈ M(ξ), we let
D(L) = πξ
(
E(L)
)

⋃{
πξ
(
W (μ)
)
: μ ∈ Ξi,0 and i < n
}
.
Note that D(L) is a closed set in Xξ . Now, let us ﬁx L = (αi j)i, jn+1 ∈ M(ξ).
Claim 2. D(L) misses
⋃{πξ (Wk(μ)): μ ∈⋃i<n Ξi,0} for each k ∈ ω.
This proof is similar to that of Claim 2 in the proof of Theorem 3.9.3. The detail is left to the reader.
Remember that D(L) ⊂ πξ (E(L)) ⊂ U (L) ⊂ πξ (V (ξ)). By Claims 1 and 2, for each p ∈ D(L), one can take an open neigh-
borhood N(p) of p in Xξ such that
(i) N(p) ⊂ U (L),
(ii) N(p) meets at most ﬁnitely many members of {πξ (V (μ)): μ ∈⋃in Ξi},
(iii) N(p) ∩ (⋃{πξ (Wn+1(μ)): μ ∈⋃i<n Ξi,0}) = ∅.
Since D(L) is closed in Xξ and Xξ is paracompact, there are two locally ﬁnite and σ -discrete collections {B(L, γ ): γ ∈ Γ (L)}
and {U (L, γ ): γ ∈ Γ (L)} of subsets in Xξ , satisfying
(iv) B(L, γ ) is a closed set and U (L, γ ) is an open set in Xξ such that B(L, γ ) ⊂ U (L, γ ) ⊂ N(pγ ) for some pγ ∈ D(L),
(v) D(L) =⋃{B(L, γ ): γ ∈ Γ (L)}.
Here, letting ξ range over Ξn,1, deﬁne
Ξn+1 =
{
ξ(L, γ ): γ ∈ Γ (L), L ∈ M(ξ) and ξ ∈ Ξn,1
}
.
For each η = ξ(L, γ ) ∈ Ξn+1, let C(η) = π−1ξ (B(L, γ )) and V (η) = π−1ξ (U (L, γ )), where note that η− = ξ . Then observe
that C(η) ⊂ C(ξ) ∩ V (η) ⊂ V (ξ). Deﬁne
Ξn+1,0 =
{
η ∈ Ξn+1: C(η) meets at most ﬁnitely many members of G
}
,
and let Ξn+1,1 = Ξn+1  Ξn+1,0. Take any η ∈ Ξn+1,0. Let ϕ(η) = {s ∈ S: C(η) ∩ Gs = ∅}. Clearly, ϕ(η) ∈ [S]<ω . Since
G covers X , we have that C(η) ⊂ ⋃s∈ϕ(η) Gs ⊂ ⋃s∈ϕ(η) O s . Let O s be a ρs-distinguished open cylinder in X . Here, let
θη = θη− ∪ (
⋃{ρs: s ∈ ϕ(η)}). Then θη ∈ [Λ]<ω with θη− ⊂ θη . Since πη(C(η)) is a closed set in Xη which is contained
in
⋃
s∈ϕ(η) πη(O s) ∩ πη(V (η)) and Xη is normal, there is a ﬁnite collection {Us: s ∈ ϕ(η)} of cozero-set in Xη such that
πη(C(η)) ⊂⋃s∈ϕ(η) Us and Us is contained in πη(O s)∩πη(V (η)) for each s ∈ ϕ(η). Let W(η) = {Ws := π−1η (Us): s ∈ ϕ(η)}.
Then Ws is contained in O s ∩ V (η) for each s ∈ ϕ(η). Note that W (η) :=⋃W(η) is a θη-distinguished cozero-set in X such
that C(η) ⊂ W (η) ⊂ W (η) ⊂ (⋃s∈ϕ(η) O s) ∩ V (η). We take a sequence {Wk(η)} of θη-distinguished cozero cylinders in X ,
satisfying (5). Then all conditions in (a), (b) and (c) are satisﬁed.
We continue the construction on η ∈ Ξn+1,1 for the conditions in (d). Take any η ∈ Ξn+1,1 with η− = ξ . Since ξ | k ∈ Ξk,1
for each k n (in particular, η− = ξ = η | n ∈ Ξn,1), {s(ξ | k): k n} ⊂ S have been already chosen. By the choice of Ξn+1,1,
C(η) meets inﬁnitely many members of G . So one can ﬁnd s(η) ∈ S such that C(η) ∩ Gs(η) = ∅ and s(η) = s(ξ | k) for each
k  n. Moreover, pick xη ∈ C(η) ∩ Gs(η) . Since Gs(η) is open in X , there is ζη ∈ [Λ]<ω such that π−1ζη πζη (xη) ⊂ Gs(η) . By (ii)
and (iv), πξ (V (η)) meets at most ﬁnitely many members of {πξ (V (μ)): μ ∈ ⋃in Ξi}. Since V (η) is a θξ -distinguished
in X , note that πξ (V (η)) ∩ πξ (V (μ)) = ∅ implies V (η) ∩ V (μ) = ∅. So {μ ∈⋃in Ξi: V (μ) ∩ V (η) = ∅} is at most ﬁnite.
Here we deﬁne
θη = θξ ∪ ζη ∪
(⋃{
θμ: μ ∈
⋃
in
Ξi with V (μ) ∩ V (η) = ∅
})
.
Then we have θη ∈ [Λ]<ω . Since Xη is a Σ-space, it follows from Lemma 3.11.1 that there is an index set Ω(η), satisfy-
ing (6). Since C(η) ⊂ π−1ξ (D(L)) ⊂ π−1ξ πξ (E(L)) = E(L), (7) is satisﬁed. Moreover, we let Mη = L. Then all conditions in
(d) are satisﬁed. In particular, the veriﬁcations for (11), (12), (13) and (8) are similar to the cases of (8), (9), (13) and (4),
respectively, in the proof of Theorem 3.9.3. By the mention stated above, our construction has been completed for n+ 1.
Let W = {W (ξ): ξ ∈ Ξn,0 and n ∈ N}. Now, we shall show that W covers X . Assuming the contrary, pick a point
y ∈ X ⋃W . Using (8), one can inductively choose a sequence {ξ(n)} of indices, satisfying for each n ∈ N,
(vi) ξ(n) ∈ Ξn,1 with ξ(n)− = ξ(n − 1),
(vii) y ∈ C(ξ(n)),
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(ix) {F (αn1 · · ·αnk): k ∈ N} is a local Σ-net at πξ(n−1)(y) in Xξ(n−1) .
For the simplicity, we abbreviate θξ(n),πξ(n),π
ξ( j)
ξ(n) , xξ(n) and s(ξ(n)) to θn,πn,π
j
n , xn and sn , respectively. Take any n,k ∈ N
with k  n. Let Jn,k = {πn−1(x j): j  k}. Then note by (7), (9) and (viii) that Jn,k ⊂ F (αn1 · · ·αnk). Since Jn,k+1 ⊂ Jn,k , it
follows from (ix) that Kn =⋂kn Jn,k is a non-empty compact subset of Xξ(n−1) . Moreover, we have πnn−1(Kn+1) ⊂ Kn . Since
{Kn,πnn−1} is an inverse sequence of non-empty compact spaces, the inverse limit is non-empty. That is, there is zn ∈ Kn
with πnn−1(zn+1) = zn for each n ∈ N. Let R =
⋃
n∈N θn ∈ [Λ]ω . We can take the point z∞ ∈ X deﬁned by πn−1(z∞) = zn for
each n ∈ N and πΛR(z∞) = πΛR(y). Since G is locally ﬁnite at z∞ in X , there are a basic open neighborhood H of z∞
in X and a ﬁnite subset ψ of S such that H∩Gs = ∅ for each s ∈ Sψ . We may let H = π(H)×∏λ∈Rθ Xλ ×πΛR(H) for
some  ∈ N. Since π(H) is an open neighborhood of π(z∞) = z+1 and z+1 ∈ K+1, there is an increasing sequence {n j}
of natural numbers greater than  such that π(xn j ) ∈ π(H) for each j ∈ N. Since ξ(n j+1) | n j = ξ(n j) by (vi), it follows
from (9) that {sn j } consists of different indices of S . Since ψ is ﬁnite, there is m >  with π(xm) ∈ π(H) and sm /∈ ψ .
Take the point x∞ ∈ X deﬁned by πR(x∞) = πR(xm) and πΛR(x∞) = πΛR(y). Then we have x∞ ∈ H . On the other hand,
by (10), we have that x∞ ∈ π−1m πm(xm) ⊂ Gsm . Hence x∞ belongs to H and Gsm . However, since sm /∈ ψ , H must miss Gsm .
This is a contradiction. Hence we have shown that W covers X .
Claim 3. {V (ξ): ξ ∈ Ξn,0 and n ∈ N} is locally ﬁnite in X.
The proof is similar to that of Claim 4 in the proof of Theorem 3.9.3.
Let Hs = O s ∩ V (ξ) for each s ∈ ϕ(ξ), and let T = ⋃{ϕ(ξ): ξ ∈ Ξn,0 and n ∈ N}. Deﬁne H = {Hs: s ∈ T }. By (1), (3)
and (4), notice that Hs is θξ -distinguished in X for each s ∈ ϕ(ξ). Since each ϕ(ξ) is ﬁnite, it follows from Claim 3 and (a)
that H is a locally ﬁnite and σ -discrete in X . Since W covers X , it should be noted by the choices of W and W(ξ) in (4)
that X =⋃W =⋃{Ws: s ∈ T }. Moreover, by (4), Ws is a closed cylinder in X such that Ws ⊂ Hs for each s ∈ T . Hence
{Ws: s ∈ T } is a cylindrical shrinking of H. Thus H is a locally ﬁnite and σ -discrete cylindrical open reﬁnement of O with
a cylindrical shrinking. This completes the proof of Theorem 3.11.3. 
The following is an immediate consequence of Theorems 3.9.3, 3.10.1 and 3.11.3.
Corollary 3.11.4. Let X = ∏λ∈Λ Xλ be a product of paracompact σ -spaces. For a cylindrical open cover O of X , the following are
equivalent.
(a) O is normal.
(b) O has a σ -locally ﬁnite open reﬁnement.
(c) O has a σ -discrete cylindrical open reﬁnement.
(d) O has a locally ﬁnite open reﬁnement.
(e) O has a locally ﬁnite closed reﬁnement.
(f) O has a locally ﬁnite rectangular open reﬁnement.
(g) O has a locally ﬁnite and σ -discrete rectangular open reﬁnement.
(h) O has a locally ﬁnite and σ -discrete rectangular open reﬁnement with a rectangular shrinking.
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Appendix A. Some problems and related matters
It is seen by Corollary 2.4.2 that every paracompact product with a σ -space factor is rectangular. So we naturally raise
the following.
Problem A.1. If a product X × Y is paracompact with X being a Σ-space, is X × Y rectangular?
It was proved in [18, Theorem A] that the normality of the product A× B of two ordinal factors implies the collectionwise
normality and the shrinking property. So it is natural to ask whether one of the ordinal factors can be extended to the
monotonically normality as follows.
Problem A.2. Let X be a monotonically normal space and A a subspace of an ordinal. If X × A is normal, is X × A collec-
tionwise normal or shrinking?
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not. This turns out the following problem.
Problem A.3. Is there a non-rectangular product of paracompact σ -spaces?
Remark A.4. Observe that every ﬁnite (countable) product of paracompact σ -spaces is paracompact and rectangular. Now,
assume that there is a non-rectangular product X =∏λ∈Λ Xλ of paracompact σ -spaces. Then it follows from Theorem 3.8.9
that X is not normal. So, as in the proof of Theorem 3.8.9, it is easily seen that X contains a closed subspace homeomorphic
to the product of a paracompact σ -space and ωω1 . From this point of view, there seems to be a paracompact σ -space S
such that S ×ωω1 is not rectangular.
In Theorems 3.9.3 and 3.10.1, it is not generally possible to replace “each ﬁnite subproduct of
∏
λ∈Λ Xλ is paracompact”
with “each factor Xλ is paracompact”. However, as we do not know if it is possible to do so in ZFC, we raise the following
problem again.
Problem A.5. ([34, Question]) Are there two paracompact β-spaces (or semi-stratiﬁable spaces) X and Y such that X × Y is
not paracompact in ZFC?
For this problem, Ohta [27] kindly informed the author the following example.
Example A.6. Under the existence of ω1-scale, there are two Lindelöf, semi-stratiﬁable spaces X and Y such that X × Y is
not paracompact.
Proof. It was shown in [3, Example 2.4] that, under the existence of ω1-scale, there are separable, Lindelöf, semi-metric
(= semi-stratiﬁable and ﬁrst countable) spaces X and Y such that X × Y has an uncountable closed discrete subset D . Then
X × Y is also separable. Since a separable collectionwise normal space has no uncountable closed discrete subset, X × Y is
not collectionwise normal. Hence it is not paracompact. 
Moreover, Ohta [27] also pointed out an aﬃrmative answer to the half of [34, Question], which is stated as follows under
his permission.
Example A.7. There are two countably compact spaces X and Y such that X × Y is not a β-space.
Proof. Let T be a normal, realcompact space with |T | c which is not a β-space. For example, consider T as the Sorgenfrey
line S . In fact, since S is not a β-space (see [14, Example 4.14]), it satisﬁes the all conditions of T . For a set M , let [M]ω be
the set of all countably inﬁnite subset of M .
Here we use the Novák’s technique in [8, Example 3.10.19]. We deﬁne ϕ : [βT ]ω → βT as ϕ(A) denotes a cluster point
of A in βT for each A ∈ [βT ]ω . Let X0 = T and let Xα = (⋃γ<α Xγ )∪ϕ([⋃γ<α Xγ ]ω) for each α < ω1 with α > 0. Here, we
set X =⋃α<ω1 Xα and Y = T ∪ (βT  X). It is obvious that X is countably compact. Let A be any countably inﬁnite subset
in Y which has no cluster point in T . Assume that |A ∩ T | = ω. Since A ∩ T is closed discrete in T , it is homeomorphic
to ω. Since T is normal, note that βω = β(A ∩ T ) = A ∩ T βT ⊂ AβT . So we have |AβT |  |βω| = 2c . Since |X | = c, we
obtain AβT  X = ∅. This means that A has a cluster point in Y . Assume that A ∩ T is ﬁnite. We may assume that A does
not meet T . By the assumption of T , we have AβT ⊂ βT  T = βT  υT . Since AβT is a non-discrete closed set in βT  T ,
it follows from [10, Theorem 9.11] that AβT contains the copy of βω. Hence we obtain |AβT |  2c . Since |X | = c, A has
a cluster point in Y . Thus, Y is countably compact. Since X ∩ Y = T , the diagonal  = {(x, x): x ∈ T } is a closed subset
in X × Y which is homeomorphic to T . Hence  is not β-space. This implies that X × Y is not a β-space. 
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